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ON THE STABILITY OF A SECOND-ORDER NONLINEAR
STOCHASTIC SYSTEM
M. M. Shumafov
Saint-Petersburg State University, S.-Petersburg
The object of the paper is to give sufficient conditions of stochastic stability for certain
nonlinear systems of differential equations of order two.
1. Introduction
Tn this paper we shall proceed the investigation of a system considered in [1]:
sf(t) = f(x) + by + oxf (1.1)
y(t) = cz + dy,

where b, ¢,d and ¢ are constants, f(z) is differentiable function of z, f(0) = 0, € is random Gaussian
"white"noise type process.

We shall be concerned here with the asymptotic stability in the large with probability one (w.
p- 1.) and exponential stability in the quadratic average of the trivial solution of the system (1.1).
First of all we shall make the following remark in respect of system (1.1).

It was shown in the previous paper [1] that if there are constants «, dp > 0,d; > 0 such that (I)
a+d<0,ad—bc>0,(Il) f(z)/z +d < =& for all z # 0,df(z)/x — bc > & for all z # 0 and

2

a+d+602%, (1.2)

(ITT) there exists a constant M such that df'(z) — be < M for all x € R and

2
%(d2 L+ M) < 801, (1.3)

then the trivial solution of system (1.1) is asymptotically stable in the large (w. p. 1.). If in
addition to conditions (I)-(IIT) the inequality

d@—bc<52 (for all z#0)

is valid for some constant d; > 0, so the trivial solution of system (1.1) is exponential stable in the
quadratic average.
It is easy to see from proof of the theorem 2[1] that if the conditions (1.2) and (1.3) replace into

a+d+3d >0

and
2

%([3+d2 4 M) < 86,

where a ¢,
B = A E[d + (ad = be)l, (d # 0),

respectively, so the statements of the theorems 2 and 3 of paper [1] remain true.

In the present paper we consider the special case d < 0. In this case the conditions of asymptotic
stability and exponential stability in the quadratic average given by theorems 2 and 3 from [1] can be
loosen.
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Note that the deterministic case o = 0 was considered by Erugin [2] and Malkin [3].

Later on the system (1.1) is understood as system of stochastic differential equations of Ito’s
type [4, 5]

2. Statement of the result

The main result to be proved is the following:

Theorem 1. Suppose that d < 0 and that

1) there exist a constant « such that
a+d<0, ad-—bc>0, (2.1)

2) there are constants ag > 0,01 > 0 such that

f(z)

o +d< =8 for all x#0, (2.2)
d@ —be>¥6 for all x#0, (2.3)
3) there is a constant M such that
df'(z) —bc< M for all x€R (2.4)
and
%(CF + M) < 8065 (2.5)

Then the trivial solution of (1.1) is asymptotically stable in the large (w. p. 1.).
If in addition to conditions 1)-3) there is a constant 82 > 0 such that the inequality

d@ —be < &y (2.6)

is valid, so the trivial solution of system (1.1) is exponentially stable in the quadratic average.

Remark. It is clear from comparison of theorem 1 above and theorem 2[1] that the condition
(2.5) is weaker than (1.2) and (1.3).

3. Proof of Theorem 1.

Starting with Liapunov function for linear deterministic system (o := 0, f(z) := ax) [6], corre-
sponding to (1.1) we construct Liapunov function for stochastic nonlinear system (1.1) in the form

Via,w) = (& = boja® + (7 — bcly® + 24 [ F(€)d€ + afdy? — 2bdoy, (3.1)
0

where « is the constant from (2.1) and g is a positive constant.
By elementary calculation it can be verified that (here L is generating differential operator of
process (z(t),y(t)) defined by (1.1))

where

P(z) = (M + d> (d@ - bc) + ";[d2 + (df'(x) — be)],

T

Q(z,y) = Blad — be)(dy® + cay).

The expression for Q(z,y) may be rewritten

Q(z,y) = —(ad — beo)[(—Bd)y* — Bexy + v2°] + v(ad — be)a?,
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where the constant 4 > 0 is chosen such that

1 >
7_6<ad—bc_ﬁ>'
Then
q(z,y) = (—Bd)y® — Bexy + vz >0

for all (z,y) € R*(z # 0,y # 0).
We shall have L
§LV = 2?P(z) — (ad — be)q(z, y). (3.2)

Choosing 8 > 0 sufficiently small (consequently ) we shall get that the hypotheses (2.2)-(2.5)
of the Theorem 1 imply the inequality

02—2(d2 + M) + v(ad — be) < 66
Hence, by hypothesis (2.1) of the Theorem 1 we have from (3.2)
%LV < —(ad — be)g(z,y) < 0
for all (z,y) # (0,0).

Further, we can rewrite the expression (3.1) for V as

V = (dz — by)* + 2/(df(§) — be€)dE + Bad — be)y?.
0
Using the hypotheses (2.1) and (2.3) of Theorem 1 we have that

z

2 / (dF (€) — bee)de > 6,22

0

for all z. Hence, we get
V(z,y) > 612° 4 Blad — be)y®. (3.3)

From (3.3) by (2.1) we have that
Vir,y) = +oc as 224 y* = +oo.

It is also clear that V (z,y) is positive definite in all space R2.
The last condition (2.6) of Theorem 1 gives that

V <k(z®+y%)

for some constant k£ > 0.
It remains to refer to general theorem from [4]. This completes our proof of Theorem 1.
4. Generalization of Theorem 1.
It can be considered more general system

W b M
{? f@) + by + ()¢ (41)
Y = cx + dy,
in which b, ¢, d are constants, and f(z),¢(z) are differentiable functions of z, f(0) = (0) = 0, is
"white"Gaussian noise.
4.1. Our general result is as follows:
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Theorem 2. Assume that d < 0 and the hypotheses (2.1)-(2.4) of the Theorem 1 are true.
Suppose that

1) there is a constant oo such that 0 < M <og for all x#0
z

2
2) "—20(d2 + M) < 6064

Then the trivial solution of system (4.1) is asymptotically stable in the large (w. p. 1.).

If in addition to above mentioned conditions the inequality (2.6) holds, so the trivial solution is
exponentially stable in the quadratic average.

The proof of Theorem 2 is quite similar to the proof of Theorem 1 and is based on using
Liapunov function defined by (3.1). Now the expression of LV have the following form

LV = 2(f(z) + dz)(df (z) — bex)x? + ¢ (x)[d* + (df'(z) — be)] + 2B(ad — be)(dy* + cxy).

From the conditions of Theorem 2 it follows that LV is negative definite and V is positive definite in
all space R?. Also V(z,y) — +oc as 2% + y* — +00. Therelore, by [4] the Theorem 2 is established.
Remark. As it is seen from theorems 1 and 2 the problem analogous to Aizerman’s one for
deterministic system have in considered case positive solution. A namely, it holds the following
Proposition. Let the conditions of Theorem 2 be true. Then if the trivial solution of linear
stochastic system

i =az + by + oxé
U = cx + dy,

is asymptotically stable in the large (w. p. 1.) for all constants ¢ € (0,0¢), where og > 0, so there
exist such positive constant o, < o9 that the trivial solution of nonlinear stochastic system

j::aa:+by+cp(a:)£
y = cx +dy,

where nonlinear function ¢(z) satisfies the condition

U<@<a* for all x #0,

is also asymptotically stable in the large (w. p. 1.).
4.2 Now we shall establish the theorem on the stability in the probability.
Theorem 3. Suppose that the following conditions hold in a neighborhood of the origin

f(z)

1) T+d§0’ (x #0),

2) d@—bc>0, (x #0),

3) there is a constant M such that df'(z)—bc< M,

4) there exist a constant oo >0 such that

U<$<ao, (x #0),

5) (@ + d> (d@ — bc> < "2—3(d2 + M), (z#0).

Then the trivial solution of system (4.1) is stable in the probability.
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Proof. We shall use the Liapunov [unction defined in [1], a namely we have

3V () = (do — by + 24 [ (€)de ~ bes?,
0

%L\/ =2 (@ + d> (dM - bc) z* + o> (2)[d* + (df' (z) — be)] <

xT x

<2 [(% +d> (d@ —bc) * + %g(dQ + M)| 2.

By virtue of the condition 5) of Theorem 3 we obtain the estimate of LV in a neighborhood of
the origin
LV{(z,y) <0.

Because V (x,y) is positive definite due condition 2) of Theorem 3 the general theorem [4] completes
the proof of Theorem 3.
Remark. In linear case ¢(z) = oz we obtain the corresponding result from [1].
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MeprauHelHY 1mRuxbUTly 3ul3 cToXacTuks cucTeM3p 33p3CcTabuIbIP

MperirbaocTs bikboy IITymads MbixbaMaT

Kwbeoloslsra. Mbr Te3uChIM KbeyIISTH MBLIMHEHHIY CTOXacTHK Juddepentman 3smelspurloy
39X9T CHCTEMIX3D "makbsed 'ulsxoMburs T3PBIKIYyM KbbIMb3OBIPCHIPLIXY. A CHCTEM3IX3Y 3bII3 Kb-
eTlyarbsxsM alae KbITIbOThIX HKbyX3y KOHIAUIMEX3D, ChLABIIbYa axdp CTOXACTUK3 CTabmisdy (1b-
SUTIY) XLYXIPa.

O6 ycTOMYNBOCTH OJHOU ABYMEPHOUW HEJIMHENHON CTOXaCTHUYIECKOI CHUCTEMBbI

M.M. IMTymados

B crarbe qist HenMHERHOH CTOXACTHYIECKOH CHCTEMBI BTOPOTO MOPSAKA JAHBI JJOCTATOYHBIE YCIIO-
BUs YCTONYUBOCTU 110 BEPOSATHOCTH, ACUMIITOTHYECKOH YCTOMYMBOCTH B IEJIOM (€ BEPOATHOCTHIO 1) 1
SKCIIOHEHITUAJIBHOM YCTOWYUBOCTH B CPEJIHEM KBaIPATUIECKOM.
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