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Tpyanser ®POPA

HOBbIE OKA3ATENNbCTBA TEOPEMbl BEMEPLUTPACCA

9.0. Xazupnmn

Adbreelickull eocydapecmeeHHsill yHusepcumem, 2. Madkon

B pabote paHbl HOBblE po0KasaTenbcTBa Teopemsl Beileplutpacca 0 npeacTaBMMOCTM Henpe-
PbIBHOW PYHKLMK ABYX NEepeMeHHbIX NonnHoMamMu oT ABYX NepeMeHHbIX. B nepom naparpade
3TOW CTaTbM paccMaTpuUBalOTCA WHTEPMNONALMOHHbIE nonuHombl BepHwreiiHa C.H. ana aByx
YHKUMIA ABYX NEepeMeHHbIX, U C UX MOMOLLbIO AOKa3blBaeTCs Bbllle Ha3BaHHas Teopema. Bo
BTOPOM naparpade CTpositca nonuHombl KaHTopoBuya Ans yHKUMI ABYX NEPEMEHHBIX U AOKa-
3bIBAETCA, YTO 3TW MONMHOMbI PaBHOMEPHO CXOASITCA K HENpepbiBHON OYHKLMN.

§1. MHTEPIIOJIALIMOHHBIE ITOJIMHOMBI C.H.BEPHILITEMHA 114 ®VHKIM IBVX ITEPE-
MEHHDBIX U UX CXOOUMOCTD.

Mycts, | (x, y) — HenpepbiBHas, 27T - nepuoauueckas GpyHkuus, T.c. f (x +271k, y + 211 ) =f (x, y)

LU 1H00BIX LEAbIX kul.

[Iycts ( )
m 2Tk _
xk xk 2m +]’(k 0.1.2,. ’2’”)
n) 2
Vs gy (2012, 2m)

PABHOOTCTOANINE Y3IIbI.
B stom cjiyvae I/IHTepHOJTHHI/IOHHLIﬁ TMMOJTMHOM ﬂarpamKa JJTA (byHK[II/H/I ABYX MEPEMCHHBIX f (X . y), 6y[[eT

2m 2n Sin2m+1(x—xk)sin2nz+l(y_y1)

T (fixy)= 1 ZZf(xk y 2 e
" (2 +1)2n+1 k=0/=0 sinx 2xk siny 2y1

UMECTH BU!

C.H. BepHIHTeﬁH paccMOTpE TAKHUC MOJTUHOMBI 171 quHKIII/H/I OT OJHOM nepeMeHHoﬁ 1 COCTABHJT HOBBIC

CYMMBI:
T
B (Tt

2

AHJIOTHIHEIE TTOJTHMHOMEBI MOYKHO COCTaBHUTH U JJTA (byHKIII/H/I ABYX MEPEMECHHDBIX:

T T
(fxy)——[m n(f.x+2m+1’y+2n+1)+

)
T T T T
+7 X - ,yt + 7T ix + Y - )+
m,nf 2m+1y 2n +1 m,”f 2m+1y 2n +1

T T
)
m”f 2m+1y2n+1

ITOT NOJIMHOM 6yaeT TPUTOHOMETPUYECKUM MOJMHOMOM CTENEHU /71 N0 X U CTENEHU /1 10 Y .
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.2m+1(x_ )
1 2m SIHT xk

Ussecrho [1, 2], uto ——— =1.
-2l 2m+1k§0 L XTx,
SIm———
2
Mostomy, ecnu B papenctso (1) moactasuts f =1, o momydmm:
T,, (l;x,y): 1. 3)

U3 (2) u (3) cnenyer:

Bm,n(Lx9y) :1’ (4)

O6o03HaunM:
Elll N (f) 1nf max‘f(x y) Ill NG (x’ y]’ (5)
rae £, ,_ NPOM3BONbHbIA TPUrOHOMETPUYECKUI IOJTMHOM CTENEHU 771 10 X 1M CTENEHU 1 10 ) .
Beauunna E " ) Ha3blBACTCS BETMYMHON HAWTYUILEro NpUOIKSHUA TPUTOHOMETPUIECKUMU
NOJIMHOMAaMHU.
UssectHO [ 3, 4, 6], 4TO 1)1 HENPEPBIBHOM (HYHKLMK IBYX MEPEMEHHBIX
lim Em,n(f):()' ©

m.n - o

OG03HAYAM MOJTyJTb HEMPEPHIBHOCTH (yHKIMH | (x y) yepes

w(f;51:52):| | |f(x1aJ’1) f(xz yz] (7)

X17%2
1-72 |S 9
H3ectHo [ 3-5], 4To 18 HenpepbIBHON NEPUOAUYECKOH QYHKLMM HA CErMEHTE [0,2 11;0,2 7'[] BEPHbL CO-
OHOLUIEHHUS
lim «(r:8,.5,)=0. ®)
5,.5,-0
I 1
Em,n(f)sél'w[(;_:_ (9)
m n(

Hepagenctso (9) HazbiBaeTcs: HepaBeHCTBOM JxexcoHa A/l PyHKUMU IBYX NIEPEMEHHbIX.

C.H. bepHiureiin nokazan, yTo eciau f X ) HenpepblBHAA, 27T - nepuoanueckas QyHKUUs, TOraa UMeeT

7()-B,(15x) s ekt a0

U nlC

MECTO HEPABCHCTBO

rae Bn ( f N x) WHTepHorAnnoHHb i mommHoM C.H. bepHinTeiina, w@(’; — EMoz[ym) HETpephIBHOCTH (DyHK-
nl

nuu f (x), a C - nocrosiaaoe unco.
Mz 3ty Teopemy Beliepiutpacca nepeHecéM Ha (pyHKLHMIO ABYX MEPEMEHHbIX f (x , y)

Teopema 1. Eciu 27T - nepuoauueckas, Gysxups (x , y)-ﬁenpepbuaﬁa Ha CerMeHTe [0,27'[;0,27'[] , TO
CIPaBE/IIMBO HEPABEHCTBO
[/ (.y)-B,,(f:xy <cw@f an
m n [
JloKa3aTeabeTRO.

PaBencTBo (4) yMHOXWM Ha f (x , y), TOTAA MOTYYHM
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f(xiy): Brl1,n(1;x7y)f(x>y)‘ (12)
00603HATNM;
~ _lD T T L T
f _4Bf 2m+1° 2;1+15+f§)C 2m+1° n+l@+
T T T T
+fBX+2m+1y 2n+1§+f§x_2m+1’y_2n+1%'
Ornumem ot [ (x y) (2), Torna noJy4um:
T
fey)-B,,(fix,7)= H4f(x )= Tm,,Hf X+ +],y+2n+1D—
_ L 3 T om0 (13)
T"”"Hf’x 2m+1’y 2n+1H T””’fo+2m+1’y 2n+1@

T
_T"’"@[f m+1 y_2n+1%

BeoipaxeHue (2) nocie HeCI0KHbIX NOACUETOB IPUHUMAET BUI!

) _ 1 Im 2n 2m +1 :
Bm,n(f>an/)— (4m+2)(4n+2)20;f(xwy1)005 (xk x)x
O O
0 0 (14)
X cos 2n2+1(y, —y)g ! - ! Ex
. Hx, —x m Ox, —x m
EFmE 5 +4m+2§ sm@ 5 4m+2[|E
O O
.0 ! _ ! 0
Srin Byl - y + n H Sin Byl - y _ n D
o 2 4n+20 o 2 4n +2 H
0O0603HauuB uepes
O O
l l
K, (t)=cos 2m +1( -x)3 ! - ! U
n —r + m H sm
0 2 dm+2 [ 4m+2
TTOJTyYUM:
2m 2n
B 5X, v )K, (x )K, (b)) 15
m,n(f y) (4m+2)(4n+2); 4 f(xk yl) (xk) (yl) ( )
CJie10BaTENbHO:
2m 2n
1=B_(I; K K,
mn( X y) (4m +2 4n +2)Z Z m (xk) (.yl (16)
U motomy:

2m 2n

)k, (K, (). (17)

f(x,y): (4m N 2)(4n + 2),;) ;

U3 (15) u(17) cnenyer:
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2m 2n

Soy)= By, (fix0)= (4m +2)(4n+2)/;;

[f(X,y)— f(xk’yl )]Km (xk )Kn (J’/) =

(4m+2 4n +2) Zz[/ G GORDECRY) £ (18)
xK, (xk )Kn (J’/ )a

rae Tm, n (f, x, y) - TpI/IT‘OHOMeTpI/IquKI/Iﬁ TMOJTMHOM HAWUJTYHIICTO lTpI/I6J'[I/I)KeHI/I$[.

VuureiBas, 4T0 ‘f(x,y)— Tm ” (f;x,yX <E,, (f) u3 (18) nomyumm:

‘f(x y)-B,,(f:x y)‘ 2E,, (/) izmm(kal(n(y,). (19)

(4m +2)4n +2)

y 1+ : Zm|Km (xk ) < C , nostomy u3 (19) cnenyer:
m =0

7 Goy)-8,,(fsx,p)<CE,,(f) e

Otcroza yuutbiBas (9) Oyaem uMeTtsb

UzeectHo [ 1, 6, 7], uTo

1 1
fy)-8,,(fx y)( C wH — 0 @n
m n[]
C npyroii CTOpOHbI, OUEBUIHO,
~ _ 1 m
)= T = s G- e e s 7
T T T T
_fElx_zm+1’y+2n+1§_f§”2m+1’y_2n+1m_ 22
T m o2 2m LL
_fElx_Zm+1’y_2n+l S4wgf’4m+1’4n+1§<64wH m ng
13 (21) m (22) cnemyet
|/ (.y)-B,,(fix,y)sC’ wH S Ie
m n []

13 (23) cmemyet (11).

Jlanee 3ametnm, uto nonmHoMBI Beprrureiina By, ,(f;X,)) cxonstcs pasHoMepHo K (yHKimu f(X,)) Ha cer-
2

mente [0,2T7], ato crenyer us (8) u (11).

§2. INIPUBJINXKEHUE ITOJIMHOMAMU KAHTOPOBHNYA ®YHKLIMH ABYX IITEPEMEHHBIX

[Nommrom J1.B. KanToposnda jrs GyHKIMHT OT OHOW TIepeMeHHoH f (x) onpenenennoii Ha cermMenTe
[0,1] umeeT BUA;

K,(x)= (”"'l)z Crx"@Q-x)y"’ J'f(f)df (24)
,:n(n—l)(n—Z) (n—r+1)

-
rue C,l OuHOMUANbHBIE KO3 ULMEHTHI, TO €CTh ”

JI.A. KanToposuu nokazan Teopemy Beiiepiurpacca: «Eciu f{X) nenpepbiHas GyHKLMS HA cerMeH-
e [0,1], Torna noaunomsl (24) cxoaarest K f(x) pasHomepHo Ha cermente [0,1]».
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90 9.0. Xazupuiuun

MBbl pacnpocTpaHuM 3Ty TeOpeMy Ha (PyHKLUMH MHOTMX NEPEMEHHBIX.
CHauana 3aMeTuM, 4To NosuHOMbl KaHTopoBuua aisl (hyHKUMY ABYX MEPEMEHHbIX UMEIOT BUI!

K ;x,y)=(m +1)n +1 Y CrCIx?ytx
o (F12,y)= (4 1) ),,Zo 2 y

GOk (25)
x(l—x)"_p(l—y)"_q‘[ fe,t)dd 1.

-
m+l n+l

OH SBIAETCS MHOTOUIEHOM CTENEHH /71 110 X 1 CTENEHH /1 110 ).
Teopema 2. Eciu f(X,V) nenpepbisuas Ha cermente [0,1;0,1] dyHkuus, Toraa

lim 0 K m.n (f » X5 Y ) = f (X Y ) PaBHOMEPHO Ha 3TOM CEMEHTE.

m,n -

Jokazateaberso. Ecu f(7, T)=1, Torna Mbl noayumum

K,,(fix,»)=
= S S _ Yy - n-g 1
_(m+1)(n+1)1ZO(IZOCnfC5xqu(1 x) (1 y) (m+1)(n+1)
TO €CTh
Km n s X, = S S C,f;chp (-x)""0U- . 26)
(x,y) pZOqZO yi-x)yr-y) (

HNwmeem

Z Z C,Clx"y? l—x)m—P(l - y)n—q = Z C,,’;x”(l _x)m—P %

p=0 g=0 P

@7

<3 Corl=0) =l (= D -0 =

U3 (26) u (27) caenyer, uto
Ky u(f:x,y)=1, xorna f=1; 1o ects Ky n(1,x,y)=1 (28)
PaseHctBo (28) yMHOMUM Ha f(X,)’), TOraa noJy4um

Jy)= fx,y) Knn(1,X.),

TO €CTb

CrPC 9%y’ x

n
m n

ACEDENCESD CRED) D

=0
prL g+l (29)

m+1l n+l

x (- x)""Q- y)"'qJ: [f(x,y)dtd T

m+1l n+l

Brraurtas w3 paBeHcTBa (25) paBeHCTBO (29) MONYINM;
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I( m ., n (jn;xj7);)._ .f (X, y )::

m

= (m +1)(n+1)pZ > CoClx "y x (30)

prl g+l

(- - ) ff[f(n) 7 ey e 7

Taxk kak f (x, y) HemnpepbIBHA HA CETMEHTE [0,1] , TO JUTs JoGoro £>0 Haifnercs Takoe O>0, 910
|f(x19y1)_ f(xzayzx < & 1pu |x1 - x2| <0, |y, — y2| <O s
moserx (x,,y,)0[0,1:0,1], (x,,y,)0[0,1;0,1].

0O0603HaIIM
w(f;61,62): |H_laX |f(x1>J’1)_f(x2>J’2)‘
X1~ X, |<6, )
|)’1 J/2|<52

1(f 51,0)— max

wlso

|f(x1>y)_ f(xzay)',

0<y<l

W, (f;0,52)= |y1r{1yaﬁs52 |f(x:J’1)_ f(an’2)1,
0<x<l1

rne G, ( f39, ,0)- MOZyJ1b HENPEPBIBHOCTH 110 MEPEMEHHOI X; @ (V, ( 10,0, )- MOZLYJIb HENPEPBIBHOCTHU 110

NEPEMEHHO ).
OueBUIHO, YTO

w(f 9,,0, )_ maX |f(x1>y1) f(xzaJ’2)'_

|y1 YZkéz

= max |f(xlaJ’1)_f(x2>y1‘)+f(xzayl)_f(xzaJ’2X<
S max |f(x1,y1)—f(x2,y1 + maX |f(x2>y1) f(xzayz)t—

|m—x2ﬁ51 2|5
0=y, =1 O<x2<l

= wl(f;5170)+ w, (f§0752)>
w(f551952)5w1(f55190)+ wz(f;O:(Sz) (31)

U3 (30) cnenyet

Koo (ixs)= 7 Gor)s @ e 1)+ 1)3 5 o0yt

=0 ¢g=0

x (- x)" ”(1—y)”’"I Iw(,{j”,’”)dtdr<iiC”’]C X7yl x

m n

Q- xy -y ”"j jw(,:::a,:s:)drdrs Y Y CUCixtyix
p=0 g=0
x@-x)y"@-yy: w(;?ii,,‘fii)
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92 9.0. Xazupuiuun

Wrak, nony4uunu HepaBeHCTBO

K, ixy)- rGay)sy 3 crey

p=04¢=0 32)

G- xY G- Y e ()

13 (31) m (32) cnemyet

n

Ko, (Fix.0)= fley) TS Cooixry (- x) 7 (- y) ™" %
=0 §

o, (r:25.0)+ @, (r:0. 41} = icp P - x) o, (522 0)x
x Z;C;[yq(l - y)""’ + iocnfxp(l - x)m_pi C,fyq(l — y)n—q (f O»Z::)

q=0

Z Crxr (- x) "o, (Fi20.0)+ S Coye (- ), (£:0.28). 33)
=0
I/I3Becn-10 [ 1, 4], uto ans HenpepbIBHON GyHKLIM '

(slin}owl(f;51a0)= 0, (Slingoa)z(f;(),52):0 (34)

OTCIoz[chnny(31),cnez[yeT6 hdm Owl(f;51:52): 0 .
1-Y2 =

(34) o3nauaet, uTo Ana moboro £>0 Hatizetcs Takoe >0, uto npu 0 < 51 <9, 0< 52 <0 Gymem

UMETH wl(f;61,0)< ;—, o.)z(f;(),52)S ;—

JUnst qaRHBIX p 1 om BO3MOXKHB mBa cywas: | P Y1 5 0 o 2t
m + 1 m + 1
B cryqae | 6ynem umets p+1<0 (m + 1) MO3TOMY
(m +1 )

Z crx?(-x)- (f,,;'jj‘l ,O)S i—z rxr(-x) " = ‘;_ (35)

B ciyuae 11 Gynem umets p +1 2 5(m + 1)

S Crxr(-x) o(rizt0)s 2mx |£] Y Crxt (-2 ) Go

p2 m+l) p2 m+1)
(0, npu p >m
[ycTts /\17 = PP
H, npup<m

QueBUaHO Z /\pC”[;Xp(l - x)n_p = Z C”};)Cp(l - X L lgTOGCTLpHI{
p:O ]J=O

m = p .
Z A C ”[: r (1 - X ) CXOAUTCS PaBHOMEPHO OTHOCHUTENTFHO 1, TIO3TOMY HaiimeTcs Takoe N,
p=0
uTo OyaeM UMeThb

Zn APC,;'I’x”(l—x)'"_‘" < g, (37)
pP=N

PaBHOMEPHO OTHOCUTEIILHO 1.
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U3 (36) u (37) ans pocratouHo 60abLuoro m (m>N) nonyuum
m

Crx’ (- xY "e(r:22,0)< 2 max |f]e, a8)
p= m+l)
= £
U3 (35) u (38) crenyer z Crx?(1-x)~ (f, Lol ,0)< 2 max |fle, + 5
p=0

Otcrona, B cuity npomBoanoﬁ MAJIOCTH € TIOJLy4UM

ZC Q- T, (Fig0)< e (39)

AHaJI0ruyHoO JOKa3blBaCTCs1, YTO

znc,j’y"(l—y ”_"wz(f;o,%)<£, (40)

U3 (33), (39) u (40) cnenyeT HEpaBEHCTRBO |K m.n (f, X,y )_ f (x 4 X < & s nocrarou-

HO GOIBILUX /71 1 7 PABHOMEPHO OTHOCUTENBHO (X, V), Ha cermente [0,1]°.
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New proof of the Weierstrass theorem
E.O. Hazirishi

The Weierstrass theorem about representability of two variable function represented by polynomials
of two variables is proved. The Bernstains interpolation polynomials for two function of two variables is con-
sidered. The Kantorovitch polynomials for two-variable functions are constructed. These polynomials con-
verge uniformly continuous function.
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