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TONOJNIOTMYECKAA KIACCUPUKALUS OCOBbIX TOYEK
NMEPBOW CTENEHU HETPYBOCTU CUCTEMbI, ONMPEOENAEMON
ONPDEPEHLUUAIIBHBIM YPABHEHUEM BTOPOIO MOPSAOKA C
PA3PbIBHOW NMPABOW YACTbIO B CITYYAE Y0

. K. Mamuii

Adblzelickutl 2ocydapcmeerHbill yHugepcumem, 2. Malikon

Paccmatpusaetca cucrtema puddepeHumanbHbix ypaBHEHUN, onpeaensiemas auddepeHum-
anbHbIM ypaBHEHMEM BTOPOrO NOPsiAKa C paspbiBHON npasoil yacTelo ¥ = f(x, X) . MonydyeHa

Tomonornyeckas knaccugukaums ocobbix TOMEK NEPBOI CTENEHN HerpybocTn, He nexalymx Ha
npsamoit y = 0.

2
Iycts G [ R” xoHeunas obnacth u L — KkpuBas, y10BIETBOPSIOLIAs CIEAYIOLINM YCIOBUSIM:
k
1. L — rnanxas xpusas knacca C*,

2. L —uMeeT KOHEUHYIO AIMHY,
3. L — nenur obnacts G ua nse obnactu Gy u G,.

4. Tepeceuenue kpusolt L ¢ npsamoit ¥ =0 cocToNT w3 KOHEYHOTO YMCIIa KOMITOHEHT: TOYEK U OT-

2 o
pe3koB. Beromy Hike OyleM cuuTaTh OPHEHTALMIO MIIOCKOCTH R 3amanHoi. 3amaauM HEKOTOPYIO OpUEH-
taumo kpusoii L. ITycts T KacaresbHblii BEKTOp K KpuBoii L B HEKOTOPOIi ee TOuke, a I — BEKTOp HOP-

MaJu B 3TOH Touke, Takoi uto 6asuc T,I] 3agaeT OpUEHTALMIO, COIJIACOBAHHYIO C OpUEHTALUEl II0CKOCTU

2 .
R”. Torpa oGnacts, BHYTpb KOTOpOIT HanpasieH BekTop I, oGo3naunm 3a (), a BTopyio obmacts 3a G,.
PaccMoTpuM muddepeHIHaNTEHOS YpaBHEHHE

X = f(x,x), (1)
rae f — ¢ynkuwms, onpenenenras B G, npuHaanexamas B Kaxao# n3 oonacreit G; xmaccy C k, k=1,
BILIOTH 10 JuHUU L.

Vpasnenwio (1) cooteTcTByeT chctemMa F — nuddepenmansHbIx ypasnennii B oonactn G

k =y,

H)

v = f(x,p),
ree f(x,y) = fi(x,»), (x,»)UG,, i=12.

MeTpuueckoe mpOCTPAHCTBO CUCTEM BUIA (2) ¢ METPUKON

p, =(F,F)= r}gﬁ}”f, (x, ) = f,(x, y)Hk

@)

k
6ynem oGosuauars U ;.
CoiicTBa rpyboctu cuctem (2) OyaeM paccMaTpuBaTh OTHOCUTEIBHO BO3MYLUCHUH B MPOCTPAHCTBE
k o
U G.L» TO €CTb BO3MYILECHNIA, He MEHSIOLINX TIEPBOe YPaBHEHHE CHCTEMBI (2).

B paborte [2] mocTpoeHa TomoJOTHYeCKas KiIacCUPUKaIis rpyOsIXx 0COOBIX TOUEK CHCTEMHI (2), He
nexkawx Ha npsvoii y = 0.

B naHHoit paboTe uccaenytoTcs ocoObie TOUKK NEPBOI CTEMEHU HErpyOOCTH cuCTeMbl (2), He Jiexa-
mwe Ha npsmoit ¥ = ().
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Oycts O(Xy, V), Vo # 0, — ocobast Touka cucrembt (2), exawas Ha nuxun paspeisa L, G —
oxpecrrocts toukn O(X;,),), u B or0il oxpectoctu L sanaercs ypasmenuem W(x,)) =0,
woct.

B [2] nokasano, 4to ocobas Touka () MOKET NMETh TONLKO THITHI 2 UM 3 ¥ JUHHS paspbiBa L B Ok-

pectoctn O sBnsetca B sToM caydae rpaduxom dymkwm Y CH!. Myers G — manas okpectrocts
touku O, Torna B 10l OKPECTHOCTU cucTeMa (2) MOXKeT ObITh 3allMcaHa B CICIYIOLIEM BUAE:
Ov =,
= /() = [0 () DG,
Sy =c +a,(x=x) +b,(y = y) + A (x =) +D,(y = y,)" +
+B,(x =x)(y = yo) +9,(x, ),
pie &, 6.9) =0 x = xy0 3=y Jupn x x50 ¥ = o,
(x,»0G,, i=1,2.
G, ={(x, )G, y>P(x)}, G, ={(x,y) UG,y <¢(x);.

Jlunms paspeiea L nokanbHo sBnseTcs TpaduKkoM (pyHKITAR
— — 2 3 3 3
Y =W(x) = y, +a(x = x) + B(x —x,)> +y(x —x,)° +ol(x —x,)°) x - x,, w OC".

B [2] nokazano, uto cuctema F nokanbHo mmpdeomopdna cucreme F cremyromero Buma, ¢ 0co-
6oii Touxoit O(0,1):

(€))

H’Fy
o =/(p) = fi(x,),x,y0U,, i=1,2,
e f,(x,y) =¢, +ax+b,(y =)+ 4x* + Bx(y =) +D,(y =)’ +¢,(x, ),
roe §,(x,)) =0Qx,y—l||2), mpu x - 0, y - 0, (x,»)0U,, i=12.
Uy ={(x,») QU y > 1}, U, ={(x,»)UU,, y <1},

— OKPCCTHOCTb TOYKU ABJIAKOLLIAACA U COMO HbIM O a30M .
U p 0, p 6pasom G

“

Touka O(0,1) umeer Tan 2 ortHocurensHo cuctembl F Toraa m Tombko Ttorza, korma ¢ =0,

¢, 20w ¢, #0, ¢, =0, atun 3, ecn ¢; =0, ¢, =0. Uccnenyem chavana Touxu tuna 2.
Teopema 1. Ilycts cuctema F LU, (2; ; wmeet Bug (4) u B Touke O(0,1) BbimonHeHsr ycnosus

¢ =0, ;20 wm ¢, #0, ¢, =0. Ecnm ¢; =0 (=1 wm i =2), 10 Touka O uMeer nepsyro cre-
neHb HerpyGOCTH TOT/IA M TOLKO TOT/Ia, KOTAa
a, =0, 4, %20 (5)
Ipu 5ToM 0coBas Touka UMEET ClIeyFOIIHE TOMOJOTUYECKUE THTTHI.
— — - — 27172
a)Ecm ¢, =0, a, =0, 4, &, >0 wm c, =0, a, =0, 4,[d; >0,t0o H H" (em[1]).
_ _ _ _ 242 272
6) Ecmu ¢; =0, a, =0, 4,l¢, <0 wm ¢, =0, a, =0, ¢,[H, <0, 7o Q°Q°K°K".
Jloka3aTenbCcTBO. YTBEpXKICHNS a), 6) TEOPEMBI, OTHOCAIINECA K TOMONOTHUECKOH KiacchHpy-
kawuu ceaytot u3 [1]. Venosus (5) roeopst o Tom, uto onna u3 Gyukuuit F, = f;(x,1) cucremst F ume-
eT Hynb kpatHocTn 2 B Touke X = (), a BTOpas dyHKuMs B 3Toif Touke B Hymb He obpamaercs. [TosToMy, B

cuity cieacreus 1 teopembt 2 §19[1], ocobas touka O(0,1) umeer nepsyro creneH» Herpy6ocTu B Kiacce

2 2
C. Orcrona momyuaewm, uto B kinacce Uy ; touka O(0,1) nubo rpyGa, mubo nMeeT mepByro CTeTeHb He-
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Tonosnoruyeckas knaccupukays 0coObIX TOUEK NepBOU CTEeNEeHU HerpyOocTH cucTemsbl... 39

rpyboctu. B cuny Teopemsl 1[2] npu yka3aHHBIX B TeopeMe | ycloBuax ocobas Touka He sB/eTCs rpyOoid.
OTcroza ciefyeT 10CTaTOYHOCTh ycnoBuii (5). Budypkaiuu, ucnblTblBaeMble UCCACLYEMbIMU OCOOBIMU TOY-

. i
Kamu orrcansl B [1]. Orn onpenensitores OndyprauusiMi Koprelt dyHKui F, Tpy MalTbiX BO3MYIICHHMSIX

cucrembl F'. Tlycts GyHkuus Fn1 umeer upy X =0 nyns Broporo nopsjxa, a FH2 (0) =0. Torna, ecnu

~ ~ 5
cucrema [ Gmmska cucreme F', to dynkums [, 1uGo He MMeeT KopHeid, THGO UMeeT KOpPeHb KpaTHOCTH 2,

160 1Ba Kophs kpatHoctu 1. TTostomy ocobas touka (O(0,1) npu manbix BosMyuieHusx cucrembl [ Mo-

JET IWIH COXPAHUTHCA WIM MCUe3HyTb WIM PAcTacThCi Ha aBe rpybbie ocobble Touxu tuna KK 2 u
HszQZQ 2, IIpu >rom npu 6udypraun 0coboil Touku H*H? touxu tuna K°K?* u HszQzQ 2

COC/IUHEHBI JIMHEHHOMN ocobentocTbio Tuna AA; (puc. 1), a npu Gudypkauun TouKu QzQ 2K?K? he co-
eauHeHsl (puc. 2).
JokaxeMm Tenepb HeodxoaumocTs yeaosui (5). Ec ¢ =0, ¢, 20, a; #0 wwm ¢, =0, ¢, #0,

a, #0, 1o B cuty teopemsl 1[2] ocobas Touka sssercs rpy6oi. Ilycrs teneps ¢ =a; = 4, =0,
¢, # 0. Paccmotpum onHonapamerpudeckoe cemeiictso cucrem F(€):

k=Y,

O 2

S)'} - %X +ﬁ(x9y)9 (xvy)DUla

] Df2(xay)9 (X,y)DUz-
Ecau € — mano, 1o cucremsl F'(€) u F ckonb yroano 6nusku. Ecnn €L, >0, 10 Touka O umeer tun

2772 232272
H"H*, ecnnxe €[, <0, 10 O umeer un Q°Q “K*“K*, npuuem B 060mx cinydanx touka O umeer
nepByIO CTeMeHb Herpy6ocTH. CrieoBaTeNbHo, CTeMenb HerpybocTr ocoboit Touku () cuctembr F 6otb-

we 1. Ciyuaii ¢, =0, a, =0, 4, =0, ¢; #0 paccmarpusaercs ananornuno. Teopema 1okasaHa.

[/ AR/
T T
NSNS
rANEEal

Brrpaskenns ko3(pumenTos C;, d;, bl-, Al- cuctembl [ uepes koadduumentsr ¢, a,, b,-, A,-,

B, D, cucrembt I, nonyuenusie B iemme 1[2], 103B0Ms0T chOPMYIMPOBATH HEOOXOAUMBIEC U AOCTATOY-

HBIC YCJIOBHA [IEPBOii CTeNEeHU HErpyOOCTH A1 OCOOBIX TOUEK THUMA 2 cucTeMsl (3).
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2
Crneocmeue 1. Ilycts cucrema F'LUG  wmeet Bun (3) w B Touke O(X,, V) BHTIONHERH yc-
JOBHS:
o =0, c, 20, wm ¢, 2a D, ¢, =al,.
Ecom ¢, =0 [, (i=1 umm i =2), 10 Touka O umeer nepsyio CreneHb HErpyGOCTH TOIAA M TONLKO

TOrAa, Korja

ac,
a; +ab, —i:2[3y0,
Yo
2 2
ab, 2 e, 2
24, +ac, +aB, +2aD, +20b, - —Qa, -a°b, —2fc, + Z6y, +2a0,.
Yo Yo

HeoGxo1uMoe W IOCTaTOMHOE yCIOBHE TepBOii cTeneHu HerpyGoctr ocoboit toukn O(x,,),) cucte-
Mb! (3) MO:KHO copMyaupoBath 1 yepes pyHkuun ,:
2
Creocmeue 2. llycts cucrema [ UU[;, wumeer Bum (3) W BHITONHAIOTCS  YCIOBHS
1 — 2 1 2 —
F,(x0)=0, F,;(x))#0 wwm F,(x,)#0, F,(x))=0. Touxa O(x,,y,) umeer nepsyio cre-
neHb HerpyOOCTU TOI/A M TOJBKO TOIMA, KOraa X = X, ABIAETCA KOPHEM KPAaTHOCTH 2. JUls OHOM U3 (yHK-
wnit F, (i =1,2) v e sBnsetcss KopHem ApyToii.
Hccremyem Tenieph ocoOble TOUKH THITA 3.
2
Teopema 2. Hycrs cucrema ' UUS ; umeer Bun (4) u B rouxe O(0,1) Bbinonsens: ycnosus:
¢ =0, ¢, =0.

Touka O HUMECCT TIEPBYIO CTCTICHDL Hery6OCTI/I TOTAd U TOJILKO TOTAd, KOTJad BBLIMTOJIHATOTCA CIICAYIO-
M€ yCaoBuUA.

Da #0, a, #0.

A, —a;b,

2)Ecm a; <0, a, >0, 10 [} #T,, tne T, =— , 1=1,2. (6)

a,

Ocobas ToUKa UMEeeT CITeYIOTIHE TOTIOJIOTHIECKHE THTTBI:

a) Ec a, Ld, >0, 10 H*H?.

6) Ecu a, >0, a, <0, 1o H*Q*Q*H*Q*0".

8) Ecm a, <0, a, >0, T, #T,, 1o (LZ)I.

Hoka3zaTenbCcTBO. VIBepKICHUA a) U 0) cieayrot u3 [1], rae npoBeneHa TONMONOrU4YeCcKas Kiac-

cudukauus ocobbix Touek Tuna 3. Yeaosue a; <0, a, >0 cBuperenscrsyer o npuHamIeKHOCTH 0c0G0M

touxu knaccy LL. B stom ciyuae takke kak B §19 [1] s ocoboil Touku onpenensercs oOo0leHHas
¢yHkiusa nocnegosanus X. C noMomsto GopMydt, moayueHHsIX B §19 [1] nerko nokasars, 4To

2
X(x0) =3 (T -T) O +o(xy), Xy - O.

Orcrona nomygaem, uto ecmn @) <0, a, >0, T, #T,, To manas okpectrocts Touku () He COTEPKUT

3aMKHYTBIX TOJTATPAEKTOPHUI 1 TT03TOMY 0cobGasi Touka nmeet Tun (LL) 1-
JloCcTaTOuHOCTH YCIIOBHIA (6) criemyeT 3 TeopeMbl 4 §19[1] u Teopemst 1 [2], B cwiry kKoTOpOit 0coOwIe

1
TO4KU THNA 3 He asisores rpybbivu B knacce Uy ;. Budypxauus ocobbix Touek onucanst B §19[1]. Yeio-

sus @, 20, a, 20 osnauator, uro dynkuuu F,, i =1,2 nmetor B Touke x =0 mpoctoit Hyb. Torna
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~ 2 / (v}
ecm cucrema F UG ; 6nmska F, 1o dynkuun F, oBpamatotcs B Hysh 60 B ofHo# Touke, 160 B

IBYX pasHbIX Toukax. [Tosromy ocobas Touka () npu Bo3MylleHUsX cucreMbl F 1160 coxpaHsercs, 1160
pacmanaeTcst Ha JiBe TPyOble 0CO0bIe TOUKH THIIA 2.

2772 272
Ecmu a, Ld, >0, 1o ocobas touka [ “H® pacnagaetcs na ase ocoGbie Toukn tunos K"K~ u
211212 A2 NV
H"H*Q"Q ", coenunennbie nuHeitHo ocoberroctso A4, (puc.3). Ecnn a; >0, a, <0, To ocoGast
2221121242 211212 A2
touka tima H " Q“Q “H *Q°Q " pacnanaercs Ha ase ocobbie Toukd tuna H “H Q°Q° (puc.4). Eciu

xe a; <0, a, >0, T, #T,, 1o ocobas touka tuma (LL), pacramaetcs Ha mBe 0coOble TOUKHM THITA

K*K? (puc.5).

wIRRNY Ay
N NN S

\N— 2/ |
H20252H2025

NN s Y :
__ N\

(LL),

Puc. 5

JlokaxeM HeoOxoaumocTs yenosnii (6). Iyers a; <0, a, >0, 7} =7,. Torna Takxe Kak B Teo-
- 2
peme 4 §19[1] nokasbiBaeTcs, 4TO CyLIECTBYET CKOJb yroaHo 6nuskas k F cucrema F U, G.1» MMeoLas

B Manoii okpectrocTd Toukn () 3amkHyTyro monmtpaektopuro. [lpw 3tom (O HerpyGas ocobast Touka cHc-

tembl F. Cnenosarensho, cictema [ u ee ocobast TOUKa He MOTYT UMETh MEPBYIO CTEMEHb HErPYOOCTH.

Mycts Teneps a; Ld, =0, nanpumep a; =0, a, # 0. PaccmoTpum oaHonapaMeTpuyeckoe cemeit-

ctBo cuctem F'(€) Buma

%X’ffl(x,y), (x,»)0U,
0 (x, ), (x,») OU,.
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2772
Ecan €Ld, >0, 10 ocobas Touka umeer tan H “H ', ecnn xe €L, <0, 1o 0ocobas Touka umeer Tun

H?*Q*0?H*0Q*0* ww orocures x xnaccy LL. Bo Beex 9THX Cllyuasix cTeleHb HErpydocTH 0co0oil

Touku He Menbiue 1. [Tostomy ecin @ =0, a, # 0, 10 ocobas Touka cucrembl [ umeer creneHb Herpy-

6octu 6oabiie 1. OcTanbHbIe Clyuyan paccMaTpUBAOTCS aHAIOruuHO. TeopeMa noka3aHa.
Copmynupyem HeOOXOQUMbIE U AOCTATOUYHBIC YCIIOBUA [IEPBOIl CTENCHU HErpyOOCTH A OCOOBIX TO-

uek Tuna 3 cucreMsl (3). Caenaem 5To A4 ciydas y, = 0.
Crnedcmeue 1. Ilycts cuctema F DU(z; ;, umeet Bug (4) u B touke O(Xx,, V), Vo >0 BoI-
nosrens yenosust ¢, =0 Wy, ¢, =a ly,.

Touka O(X,,),) UMEET NEPBYIO CTENEHb HErPYGOCTU TOrAA U TOJLKO TOTAd, KOIAA BbIIOJHSIOTCS

ac,
creytompe yenosus. 1) a, +ab, ——— £ 2By, i=1,2.

Yo
a a
2) Ecm a, +ab, —ﬁ<2ﬁy0, a, +ab, —i>2ﬁy0, to T, #T,, rne
Yo Yo
1
24, +ac, +aB, +2aD, +2Bb, ——a’b, —aa, —a’b, =2 f3,
T = Yo +
ac;
a, +ab, _ﬁ_zﬁyo
Yo
2 1 2 ac, )
a‘c,— =6y, —2aBy, - i+abi_y =2By, B, —20a
4 Y - 0 ,i=1,2.
C.
a, +ab, ——+ =2y,
Yo

2
Creocmeue 2. llycts cucrema F LU, nmeer Bua(4) W BHIMONHSIOTCS  YCIOBHS

1 - 2 —
F,(xy)=0, F,(xy)=0. Touxa O(x,,y,) uMeeT NePBY:O CTECNCHb HEIPYBOCTH TOrAA U TONBKO TOIAA,

— . . N
KOTZa X = X, TpyObIit KOpeHb Kaxmoi u3 dyukmit £, i =1,2.
MBI TIpOBENTN TIOJHOE MCCIIeIOBaHNE 0COOBIX TOUYCK TICPBOM CTETIeHW HETPYOOCTH CHCTEMEI (2), He Jie-
xawux Ha ocu ) = 0.
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(epeHUMANbLHBIM yPaBHEHMEM BTOPOIO NOPSLAKA C Pa3pbIBHOMN NpaBoii uacTeio B ciyuae ) # 0.

The topological classification of first degree unstructurally stable singular
points of the system, determined by the second-order differential equation
with discontinuous right-hand side in case y # 0.

D.K. Mami
The system of differential equations determined by the second-order differential equation with discon-
tinuous right-hand side is considered. The topological classification of first degree structurally un stable sin-

gular points, not lying on the line y =0 is given.
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