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Adweetickutl zocydapemeennnlt yrusepcumem, 2. Matixon

M3 Beero muoxkecTBa muddHepeHITHAIBHBIX CHCTEM BUIA

3
dx P
at > aga'y’ =P(z,y),
i+5=0

3
dy, i g
d_i = > b’y =Q(x,y)
i+5=0

¢ HefiCTBUTEIBHBIMEA U B3aMMHO IPOCTHIMU MHOrOwieHamu Pz, y) u Q(z,y) BblueseHs
CHCTEMBI, MMEIOIHe MIeCTh U TOJIBKO MIECTh JIMHERHbIX YacTHBIX uHTerpason. Ilokasa-
HO, 910 JudpdepeHnranbHble yPABHEHUsST TPACKTOPHI STHX CHCTeM HHTErPUPYIOTCS B
kBagparypax. [IpoBeieHO MOJIHOE KadeCTBEHHOE MCC/IeIOBAHNE BBIICICHHBIX CHCTEM H
nocrpoer ux ¢a3oBbii noprper B kpyre Ilyankape.

K uwnciy paboT, TOCBANEHHBIX N3YYEHUI) TOBEJIEHUS TPACKTOPHI CHCTEMBI

3
dzx o
E = E aijxly] = P(:an)a
i+5=0

d 2 .
d—i = Z bijz'y’ = Q(z,y)
i+j=0

(1)

rae P(z,y) u Q(z,y) — ACHCTBATE/NLILI U B3aUMHO TIPOCTBI, OOIaIAI0MIEH JUHEHHBIMY 4aCTHBIME
HHTErpajaMu, OTHOCITCS 3aMeTku [1, 2].

B pabore [1] nokasano, aro cucrema (1) MoxkeT mMers J1060€ JHCIO JHHEHHBIX 9ACTHBIX HH-
TErpajioB OT OJHOrO A0 BOCLMU W He Gojiee, U NPOBEIEHO LOJIHOE KadecTBeHHOe Hccaenosanue (1) B
cirydae, KOrja uxX Yuc/Io paBHo BockMu. [loBenenue TpaekTopuil B nesom cucremsl (1) usyueno s [2] B
Cilydae CeMU JIMHeAHbIX YACTHBIX MHTerpalos. 13 pesynbraros [1, 2] cacayer, uro audpdepenuualib-
HOe ypaBHEHHe TpaekTopuil cucrembl (1) B CIydyagx ceMu U BOCBMU JIMHEHHBIX YACTHBIX MHTErPAJIOB
uHTerpupyercst 6e3 kBaaparyp B dopme Hapby [3].

B Hacrosimeil 3aMerke ciesaHa HONBITKA BBIAEGJEHHS W3 BCErO MHOkKecTBa cucreM pugia (1)
CHCTEM € IeCTbIO M TOJBKO C IIECTHIO JIMHEeHHbIMH YaCTHBIMH HHTerpajaMi, a TaKzKe IPOBeIeHO
MOJTHOE KavecTBEHHOEe MCC/IeIoBaHie TAKHX CHCTEM.

CorsnacHo [1] cpe/iu MmecTH MPSIMBIX, COCTOSIINX UX TpaekTopuil cucreMmsl (1), JOIKHBL OBITH [0
KpafiHeil Mepe ABe MAPbl WM O/HA, TPOHKA MAPAJIJIEIbHBIX MKy COOO0M NpAMDIX.

Cuyuait I. Cpeay mecTu npsamblx, COCTOAIINX U3 TPAeKTOpuii cucrembl (1), HMeIOTCS POBHO JiBe
Haphl NAapaJUICIbLILIX MKy COOOM MPAMBIX.

Torma myreM HOAXOAAIIErO JIMHEAHOIO HEBBIPOXKICHHOrO NPEOOPaA30BAHUS [IEPEMEHHBIX & U Y
u u3Menenust macmraba BpeMenu ¢t cucremy (1) MOXKHO npuBecTH K oauoOl u3 cucrem (2), (3).

dx

— =z(z-1(ckz+y+o),

“ @)
— =yly~D((c—ck+ 1Dz +cy —2c—1),

rae
1 2c+1
c+ 7 k¢_i‘
C

~1<k<0, c#£~1, ¢#0, k# -
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SameTum, 4To yciopue k = ”c'l (k = —%) rapaHTUPyeT HAJWYUe y CUCTeMbl (2) 4acTHOrO
HMHTErpasa
2c+1 2c+1 2c+1
=0(y+ T - =0].
¢ ¢ ¢

Takum ofpasom, cucrema (2) UMeer I1eCTh W TOJBKO LIECTh JWHEAHbIX YACTHBIX MHTErPAJIOB:
z=0, r—1=0, y=0, y—1=0, y+2-1=0, y—kzx—-1=0.

Huddepenimanbroe ypaBHeHie TpaeKTOpUil cucrembl (2) MHTErpUpyeTCsa B KBaapaTypax, uto
MMeeT MHTerPUPYIONHH MHOKUTE b

plz,y) =2 (x — 1)*y* (y — )™ (y + 2 — 1) (y — kz — 1)*°,

rue
= € _ck—c—la__ 1 ¢k N _c(k—l—l)a__2
l_c+17a2_ C+]. y 43 — C+17a4_c+175_ C+1’6_ .
dx
i x(x — )y — 1+ 2Dz + 1),
(3)
d/
o == Dl L+ 2y +0),

rae
1 1 2
1#£0,l#-1L1# - 1% —= 1% —-.
RN XL = NI
Cuenyer 3amernth, uto HepaseHcTBO | # —3 (I # —13) mckmodaer Hammune y cucremsl (3)

9acTHbIX uHTErpajoB y + & = 0 u y + © — 2 = 0 (vacrHoro unrerpana y — x — 1 = 0). TeMm cambim
00eCIIeUeHO HAJIMYHE Yy CUCTeMbI (3) IIeCTH U TONBKO MIECTH YACTHBIX JIMHEHHBIX UHTEIPAJIOB:

z=0, z—1=0, y=0, y—1=0, y—2z=0, y+x—-1=0.

Huddepenimanbroe ypaBHeHre, COOTBETCTBYIONICEe cucTeMe (3), HHTErPUPYETCst B KBAAPATy-
pax, TaK KaK CyIIeCTBYeT MHTeIPUPYIONINE MHOKUTEID

[

ple,y) =2 3 (@~ 1) "2yt (y —a) Ly +a—1)~"

Caywait II. Cpeay wecrn 1psiMblX, COCTOSIIUX U3 TPAEKTOPuil cucrembl (1), UMEIOTCS TP HaPb
MAPAICILILIX MEKIY COOOH IMPAMDIX.

Kak mnokasbBaer uccienoBanue cucrembl (1) B 3TOM ciydae, COOTBETCTBYIONIUM JIMHEHHBIM
HEBBIPOXK JEHHBIM IPe0dPa30BAHIEeM IEPEMEHHBIX £ U i U H3MEHEHHeM MAcHTada BpeMeHn f ee MOXKHO
HPHUBECTH K BUIY

dz B+1 B+1
I o (BEhe-y s ),
dy 3B-1 B+1 )
Ezy(y—1)< 5 w—By+T>,

e B#0, B#1, B#-1, B# 3, B# 3.

3sech HepaBeHcTBO B # ;}— (B # —%) HCKJIOYAeT HAJIMYKE y cucreMbl (4) 9ACTHOrO MHTErpasa
y—2=0 (y+z-1=0).

Urak, cucrema (4) 11py CIeJaHHBIX BBIIIE OrPAHUYEHUSX UMEET 11IeCTh U TOJBKO IIeCTb JIHHeH-
HBIX YaCTHBIX MHTETPAJIOB:

z=0, z—1=0, y=0, y—1=0, y—2z=0, y—x—1=0,
a coorBeTcTByIONee e auddepeHnuaIbioe ypapHeHNe NMEET HHTEeIPUPYIONIAN MHOKUTEIh

pley) =275y~ 1) "2y Nz - 1)y —a - 1)L
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Caywait III. B uncie miecTu npsiMbiX, COCTOSINUX U3 TPAEKTOPHii cucreMbl (1), MMEETCH TOIHKO
OJIHA TPOHKA MapaJlIeIbHbIX MeKIy CODOH MpAMDIX.

IMocpencTBoM HEBBIPOXKACHIIOTO JIMHEHAHOrO Npeofpa3oBaHus epeMeHHbIX @ U Yy cucremy (1)
MOKHO MPUBECTH K OHON m3 cucrem (5), (6), (10) m (11).

Z—j =a(m(c—Da® + (m + 1)(c - Day + cy® + m(3 — 2¢)x + (m + 1)(1 — ¢)y + m(c ~ 2)),
()
dy

—y(y — 1)y —m
o yly — 1)y —m),

. 2m—1 m—2
rnem > l,c# =7 c # =1, ¢ # 1.

Hepasencrso ¢ #
rpasa

m—1 m—2 N b
m—1 (C }é m) UCKJIIOYaET CYyHICCTBOBAIIUC Y CUCTEMBI (o) YACTHOT'O UHTE-

y+mx—1=0 (y+2x—-m=0).

ITpu yKa3aHHBIX BLIIIEe OMPAHAYCHHAX CHCTeMa (5) 00/1a1aeT MIeCThIO B TOAbKO IIECTHI) JUHe-
HBIMH 9aCTHBIMH HHTETPAJIAMHE:

z=0, y=0, y—1=0, y—m=0, y+2—-1=0, y+mz—m=0.

Wurerpupyromuii MHOKHATENE TuddHEePEHIHATEHOTO YPABHEHUS, COOTEETCTEYIONECTO CHCTEME
(5), sanmchIBaeTCS B BHIE

p(rsy) =y (y — 1) (y —m)* e (y + = — 1)**(y + ma — m)?°,

rue
N 1+¢2 —-med—m—c em—me® + 2 +1
= — . 0o = g —
T 1-c(m-1 *° (1-c)(m-1)
c me—m— ¢+ 2 me—2m—c+1
Q= ——, 5= ————————— ., g =
R R (1—c¢)(m—1) o (1—c¢)(m—1)

Z—j =z(k(l-c)2® + 1=k =Day+c> —(1=c)k =Dz + (2-2c—m)y+c—1),
(6)
Y -1y - m),

rae -1 <k <0, m>0, m#1, ¢ # 1, KpoMe TOrO, HE JIOMYCKACTCS BBLIOTHEHNE CJIE Ty IOIIHK
cepuii yCJIOBHIA:

3 2m +1
_ o= :
m+ 2 m -1

(@)

h=-me=2m 1, ®)
m—1
1—-m
k= m,c:m—i—l‘ 9)

Boimonnenue (7), (8), (9) rapanTupyer CymecTBoBaHHE y CUCTeMbl (6) Y4aCTHOrO HHTErpaJa,
COOTBCTCTBEHHO, Y + 2 ~m =0, y+mer—-—m=0, y+2=0.

ITpu Bele yKA3aAHHLIX OUPANMYCHUAX cucTeMa (6) MMeer IIeCTb U TOJBKO IIECThb JMHEHHbIX
TaCTHBIX MHTEerPaJJOB:

r=0,y=0,y~1=0,y—m=0,y+x—-1=0,y - kax —1=0.
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Huddepennnanbroe ypapaenue rpaekropuii cucrembl (6) uarerpupyercsa 6€3 KBaaparyp, u ero
ODIIHI MHTErpaJ 3aIMChIBACTCS B BUIE

y* Yy —m)®Bae* (y+2—1)*(y - kx — 1)*® = R, R = const,
rae

1 -1 1 L — 1) (e — 1
al:%m:%(m ><n:n e =1 o Caa(k+ 1,00 = agk,ag £ 0.

N (10)

i y(y — 1)y —m),

tmem>1, ¢#0, c£Zm—m?, c#-m; c#2m.

Ecmi ¢ = —m (¢ = 2m), o cucrema (10) nmeer wactusii naterpan y —¢ = 0, (y+2x—1=10).

TakuM 06pa3oM, BBIIOHEHHE BCEX OTPAHMYEHUI Ha mapaMerpsl cucreMbl (10) rapanTupyer
HAJIM9He y Hee IeCTH W TOJMBKO IIeCTH JVHEHHBIX YACTHBIX HHTErPAJIOB

dnddepentmanbroe ypaBHeHwe TpaekTopnii cucreMbr (10) MHTErpHpYyeTCs B KBaJpaTypax, Tak
KaK OHO HMeeT MHTeIPHDYIOIIHI MHOKUTEIh

plasy) =y (y — 1)y —m)® e (@~ )*(y + (m — Dz —m)*,

rae
—m m? m+c m2—c¢ m—m?—c
a; = -2, = —,03 = —,Q4 = — , Qi = , Qg = —————.
¢ ¢ ¢ ¢ ¢
dz -1 (( ) +m—m2—c N
= =z(x - m-clz+ ———y+c
dt m ’

Yy -1y-m)

rmem >1, c£Em-—m?, c#m, c#m? c#2m.

Ecmu ¢ = m? (¢ = 2m), To cucrema (11) umeer yactubiii uurerpai y — (1—m)z—m= 0 (y+
xr—1=0).

Utak, npuHAMAs BO BHUMAHHE BBIIIE OTMEYEHHBIE YCIOBHA Ha TapaMerpbl cucrembr (11), ybe-
KIAGMCSA B HAJIMYAN Y HEE TeCTH W TOJBKO IMeCTH YACTHBIX JHHEHAHBIX NHTErPAJIOB:

xr=0, xr—1=0, y=0, y—1=0, y—m=0, y+mx—m=0.

Huddepenimanbroe ypasuenue tpaekropuil cucrembr (11) uHrerpupyercsa B KBaaparypax B
CHUJIy CYIIECTBOBANNS MHTETPUAPYIONIETO MHOMKUTEIS

p(rsy) =y (y — 1) (y — m)* 2% (x — 1)**(y + ma — m)*°,

rae

m m?—m 2m — ¢ m?—c m—-m2—c
,()[2:—2,&3: , (Vg = , Q5 = y g = .
c—m c—m c—m c—m c—m

a1 =

Cayuait IV. Cucrema (11) umeer ase TpOHKH apa/UICALIBIX MEXK Iy COOOM MPAMBIX.
Torpa cymiecTByeT HEBBIPOKIEHHOE JIMHEIHOE TPEOOPA30OBAHNE TEPEMEHHBIX T U Y, TEPEBOJIS-
mee (1) B cucremy

Z—J =z(x — 1)(z —m),
! (12)
dy

pri ay(y — 1)(y — n),
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rme a 0, m>1, n>1, ukpome Toro, mapamerpsl cucrembl (12) He YAOBICTBOPSIOT HU OTHON U3
ABYX cepuil yCJIOBHIA:
m=mn, a=1; (13)

n 1

= m7 a = 7(,”‘ — 1)2 (14)

Boinonnenne cepuit ycnosuit (13)((14)) osmadgaer cymiecrsosaie y cucrembl (12) ceabmoro
wgactHOTO mATerpana y —x =0 (y+ (n — D)z —n = 0).

Urak, BellO/IHEHNE BLIICYKABAIILIX OPPAHUYEHUE Ha mapaMeTpbl cucremsr (12) obecriednBaer
CYIICCTBOBAIINC Y 10K CHCTEMBI IIIECTH U TOJBKO ITeCTH YaCTHBIX HMHTEerpaJioB.

O6uuit uurerpasn auddepeHIUATLHOTO YPAaBHEHUA TPACKTOPUI CHCTEMbI 3aMNCHIBACTCA B BHE

y*(y = )T (y —n) 7m0

=C.

aw(x — 1)Tm (x — m)mm=1

Crnenys [1], oboznaunym Yepes Eg MHOKECTBO BeexX KyOndeckux cucreM (1), MMEIOIHX MIECTh B TOIBKO
IeCTh JINHEHHBIX YaCTHBIX HHTETPAJIOB.

WNmeer mecro

Teopema 1. Ecau duddeperyuarvran cucmema (1) npunadaescum muoocecmey Eg, mo cy-
ULLCTNBYEM AUHETIHOE HESBPOHCIEHHOE NPEOBPAZ0BAHUE NEPEMEHHBIT T U Y, nepecodauee (1) 6 odny us
cucmem (2), (3), (4), (5), (6), (10), (11), (12) ¢ coomeememeyOUUMY 02ZPATIUNCHUAM HE NAPAMETDbL
IMUT cucmem.

Juddepernyuarvroie YypasHenus mpaexmoputl OMMEYEHHBT CUCTEM UWHIMEZPUPYIOMCA 6 K6a-
dpamypax.

Teopema 2. Ecau dugepenyuanvras cucmema (1) npunadaescum mmooicecmay Eg, mo ona
He umeem ocobuxr mouer muna "goxyc"u "uenmp”, a maxowce npedesvHuT YUKAOG.

CupaBeyiuBOCTDb JAHHON TEOPeMbI CJIEIyeT U3 TOIO, YTO KayK/Aasd TOYKa MoKos cucreM (2)-(6),
(10)-(12) npunajyie:KuT x0T Obl OIHON M3 IIECTH MPAMLIX — YACTHBIX UHTEIPAJOB YTUX CHUCTCM, &
TakKyKe U3 Teopembl 26 [4].

Bce BosmozkHbIe TOnONOrHUeckue crpykrypst cucrem (2), (3), (4), (5), (6), (10), (11), u (12)
npuBesieHbI B Kpyre Ilyankape COOTBETCTBEHHO Ha puCcyHKax: 1-8, 9-12, 13-15, 16-24, 25-28, 29-37,
38-47, 48-49.

3ameuanmne 1. B pabote [5] yrep:kaercs, aro ecan KyOudeckas quddepeHnnanbHas CHCTeMa
(1) umeer B 6eCKOHEUHOMN YACTH IJIOCKOCTH YETHIPE COCTOSHUS PABHOBECHSI, TO BO3MOZKHBI JIUIITh YEThIPEe
CIyTas WX COCYIECTBOBAHMSI: YEThIPE Y374, TPH y3Ja U CEIJI0, [BA y3Ja U ABa Cejyia, TPH Ceia u
y3edt.

Bumecre ¢ Tem cncrema (2) npu ¢ = —2, k = — 1 umeeT B GecKOHeqHOIT 9acTH (Ha30BOH IIIOCKOCTH
gerbipe ToukH m0Kost: N1 (U = z = 0) — ycroliuussiil gukpuruyaeckuil ysen, No(U =k, z = 0) - cemio,
N3(U = ~1,z = 0) — ceynoysent, Ny(V = z = 0) ~ meycroilunsslil quxpurudeckuil ysea (cM. puc. 6)

[TosTOMYy TIpaBOMEPHO CYMTATH, 9TO HE BCE CJIYHTaH COCYIICCTBOBAMHS YeTHIPEX OCOOLIX TOYEK
cucremsl (1) B 6eckoreHON yactu ¢razopoii miockocru (BYII) npusenenst B ynomsuyToit patore [5].

3ameuanmne 2. g nccnenopanns ocobbix Touek B BUII Hamu ncnoab3oBanb: mpeodpa3oBaHus
ITyanxape [6]:

B zakmrouenne orMeTnM [T CPABHEHUSA CJIEAYIOMIEE.

Ecnu cucrema (1) npunajgnexkur muoxkecrsy Er u Fg, T0 OHa nMeeT KAK B KOHEYHOI dacru
mnockocra (KYIT), rak u B BYII Toapko mpocThie 0cobble TOUKH: CemiIa, TUKPUTHUECKHE Y3JIbl H y3J7IbI
(B cayuae E7) [1, 2]. Ipu srom nudpdepentmanbioe ypasHerne (1) uaTerpupyercs 6e3 KBaaparyp B
dopwme apby.

Ecnu xe cucrema (1) npunaiiekur MHOKeCTBY Fg, TO OHA KPOME BbIIIE HASBAHHLIX COCTOAHME
paBHoBecus moxer uMerh Kak B KYII, raxk u 8 BYII cioxmoe cocrosinne papHOBeCHS THIIA, " CeIIIO-
y3en'", K KOTOpOMy IPUMBIKAOT OAuH napaboaundeckuii v aBa runepbonuyeckux cekropa. duddepen-
[UAJBbHOE YDABHEHHE TPAEKTOpUiil cucTeMbl (1) HHTErpUPYeTCs JHUIIb B KBAJAPATyPAX.
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On characteristic of cubic differential systems with six line integrals
D. S. Ushkho

Ex all set of differential systems in form

3
dx o
at > aya'y’ = Pla,y),
i+5=0

d > "
d_?zi = Z bijz'y’ = Q(z,y)
i+j=0

with real and coprime polynomials P(z,y) and Q(x,y) the systems have six line private integrals
are selected. To show, what this differential equations of trajectories these systems are integrable in
quadrature. The full qualitity research these systems are made and these phase portrait in Poincare
circle (round) are constructed.
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