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PEJSITUBUCTCKHUM SJIEKTPOH B HOCTOSIHHOM
MATHUTHOM HOJIE U DOPEKT AAPOHOBA-BOMA

B.I'. Barpos, I'.®. KonsnitoB, B.b. Tasues
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Aowizetickuii 2ocyoapcmeennviii ynugepcumem, Maiikon
Maiixonckuii eocyoapcmeennvlii mexHonoeudeckuti uncmumym, Maiikon

JleTanbHO HW3Yy4alOTCs BOJIHOBBIE (YHKUMM DPENSTUBUCTCKON 3aPSKEHHOM 4acTUlbl, JBIKYILEHCS B
MOCTOSIHHOM OJHOPOJHOM MAarHUTHOM I0JI€ ¥ B MOJI€, CO3JaHHOM Mapajyie]bHBIM MAarHUTHOMY IO
OECKOHEUHO JIMHHBIM U OECKOHEYHO TOHKMM COJICHOUAOM C KOHEYHBIM MArHUTHBIM MOTOKOM.

W3 KBaHTOBO MEXaHHMKM ClelyeT, 4YTO 3apshKeHHas YacTvua, ABWXKYIIascsi B o0JacTH, rue
JJIEKTPOMArHUTHOE M0JI€ OTCYTCTBYET, HO JJIEKTPOMArHUTHbIE MOTEHLMAIbI HE PAaBHbI HYJIIO, UCIIBITHIBACT
JJIEKTPOMAarHUTHOE Bo3jeiicTBue. Briepebie, N0-BUAMMOMY, 3TO SCHO ObLIO YKa3aHo B [1], a 3aTem AapoHoB
u Bom nepeoTkpbiin 1 NoApoOHO u3yuuiu 3ToT 3¢ dext [2]. K HacTosiliemy BpeMeHU HMeeTCsi o0LIupHas
JuTeparypa no 3Toil mpoOsieMe, CyLIeCTBEHHas YacThb KOTOPOW MpuBelIeHa M O0O0CYXXIeHa, Hampumep, B
0030pe [3]. W3BecTHO MAOCTATOUHO MHOTO (U3MYECKUX SBICHWM, B KOTOpBIX MNposBieHUus 3ddekta
AaponoBa-boma HecomHeHHbI. Ho mMeeTcs Juiib HeOOJBIIOE YUCIO TEOPETUUECKUX MOAENeH, rie 3TOT
3¢ dexT NposBISIETCS, M KOTOPbIE ITOMYCKAOT TOYHBIN aHATUTUIECKHUI pacyerT.

OpHa W3 TakWX TOYHO pellaeéMbIX MOeJed — 3TO 3ajaya O JBWKEHHWHW 3apsiia B TMojie OECKOHEYHO
IJTUHHOTO ¥ OECKOHEYHO TOHKOTO COJIEHOWA C KOHEYHBIM MarHUTHBIM TTOTOKOM.

TouHOe pelIeHre MOXKeT ObITh MOJTYUeHO | B Cllydae, €CJIW TaKoi COJEHOW MOTpyXKeH B TIOCTOSHHOE
U OJJHOPOJHOE MarHWUTHOE MOJIe, HANpPaBJIEHHOE MapajljieJbHO ocu coseHouaa. HepenstuBucrtckas 3anaya
(ypaBHenue IllpenunHrepa) ajisi 3Toro ciyyas Oblja pelieHa BOepBble, no-suaumomy, B [4]. TlonyyeHHble
BOJIHOBbIE (PYHKIIMK MCIOJIL30BATIMCH 3aTEM [IJIsl aHANIM3a KOHKPETHbIX (usndeckux spdexros [5-7].

B naHHOIi paGoTe Mbl MOAPOOHO M3Yy4YMM TOYHBIE PELIEHHs PENSTUBUCTCKUX ypaBHeHuil KusiiHa-
T'opaona u Jlupaka nis Takoii Moaesu.

1. Onpeneneﬂne BHEIIHET0 MArHMTHOTO IMOJSI M HEKOTOPbIC€ PpPeE3yJbTaThbl
KJIACCHYEeCKOM peJ'[HTl/IBl/ICTCKOﬁ TCOPHUH

PaccMOTpUM MOCTOSHHOE M OOHOPOAHOE MarHuTHoe mnone Hanpsokennoctu H>0, manpasnennoe
BIOJIb OCH Z Bosb 3T0it ke ocH, MPOXOas depe3 HaYaino KOOPAWHAT, PACTIONOKEH GECKOHEUHO TOHKHM |
OECKOHEUHO JJIMHHBIN COJIEHOW, BHYTPH KOTOPOTO HWMEETCS OECKOHEYHO OOJbIIOE MarHUTHOE TMOJIE,
CO3JA0Iee KOHEUHbIM CyMMapHbIii MarHUTHbIM MOTOK . BeKTOpHBIN MOTEHIMAA TaKOro MoJjs, Kak
HU3BECTHO [4], MOXKHO 3a1aTh B BUJE

® H ® H

—_ + | A =« +— | A =0r2=x2+y? 1.1

A=-y o2 A 7?2 A y (11)
[Motenunan (1.1) onpenenseT cieayroliee MarHUTHOE TOJIe

H=(00,H,), H,=H +®d(X)d(y). (1.2)

[TycTh B TAKOM TOJIE JBIKETCH OTPULATENLHO 3apshkeHHas uacThia (31ekTpoH) ¢ 3apsaaom —€ (€>0).
BBenem noctosiHHbIE

y:ﬂ>0/_j:ﬂ (1.3
ch 2rmh, '

rae C — CKOpOCTh cBeTa, /i — noctosinHas [lnanka. Benvuuna I Ge3pasmepHas, )/ — UMEET pa3MEPHOCTb

o0paTHOTO KBampaTta AuHbl. [losBneHne /i B Kiaccwueckoil Teopun HOCHMT (OpManlbHBI XapakTep,
CBSI3aHHBIN MCKJIIOYUTENBHO C yI00CTBOM 0003HAYEHHIA.
Vpasuenus JlopeHa B HaLIeM Cily4ae MOXHO 3anucaTh B Buze (IMy — Macca MoKos JJIEKTPOHA)
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PessiruBucTCKUil 3/1EKTPOH B OCTOAHHOM MArHUTHOM IIOJIE U 3 DEKT. .. 7

dP €. o = moU ] dr
—_— = P= -, U= —. 1.4
dt c[ J ,/1_52 B = c'v dt (1.4)

ITockonbKy moHasT 3Heprus F Mpu ABHKEHUH 3apsiia B MPOU3BOJLHOM MATHHTHOM IIOJIE CO-
XpaHAeTCsT

mo 62
Ny

TO, yuuTLIBag cacayomuc u3 (1.4) cooTHoIe st

E= = const = % = const, (1.5)

T=——, (1.6)

nepenuineM (1.4) B Buge (paccMarprBaeM TPAEKTOPHH, HE HMEIONIIE OOIIUX TOYEK ¢ IpaMoli ¢ = y = 0,
TO €CTb HE TEePEeCeKaroNHe COJCHOU)

dP _H| dP, dP, dP,
— = —w|P=], =—wP, —¥ =wP,,—£ =0, w=-ecH/E. 1.7
dt YI“H dt Whe: " T YTy » w=ecH]/ (1.7)

DuemenrapHoe uHTErpUpoBanue ypasuenuii (1.7) ¢ yuerom (1.6) npuBOAUT K U3BECTHBIM KJaC-
cn9ecKUM (hOPMYJIaM, OMUCHIBAIOIIAM DPeISTHUBUCTCKOS IBHUKCHHUE JICKTPOHA B MOCTOSHHOM W OJHO-
POJHOM MArHHTHOM IIOJIE

= 19 + Rcos{wt + o), ¥ = ya + Rsin{wt + o), 2 = 20 + cﬂgt

1.8
P, = —hyRsin(wt + ¢g), P, = hryRcos(wt + o), P, = —[jg (18)
3xecw g, Yo, 20, K, g, 3 — TOCTOSHHBIE HHTEIPUPOBAHUS.
W3 (1.8) HaxomuM OYEBH/IHBIE KJIACCHYECKHE CBA3H
PZy P; = h*y?R?, E? = m%c4 +e?H?’R? + *P? = mic* + Ph*y?R? + 2 P2, (L.9)

BX(1 - B3) = m3c' + PR R, CHR? = mie (ﬂ — -

13 (1.8) ¢ 04EBUIHOCTBIO CAEAYET, YTO KJIACCUIECKAS TPACKTOPUS JIBUIKEHUS SIBJISIETCS BUHTO-
BOHA JIMHMEN TIOCTOAHHOIO ITara, HaMOTAaHHON Ha IMJIMHJIP, CTEHKH KOTOPOT'O NapaJljiesbHbl OCH Z, a
MPOEKIHs IUJAMHIAPA HA IJIOCKOCTh 2 = () ABJIAETCA OKPYIKIIOCTLIO paguyca R ¢ IeHTPOM B TOYKE ¢

KOODJMHATAMH X0, Yo
(x —z0)* + (y — yo)* = B2 (1.10)

Paccvorpum 2 - TPOEKITUIO MOMEHTA HMITYJIBCA
= [7p), (1.11)

rje 0600LIEHHBI UMILYJILC ' CBA3aH ¢ KHHETHIECKUM MMIYJILCOM anekTpona (1.4) coorHomenunem ( ¢
yHaeroum e > ()

P=p+-A (1.12)

ol

Yaursas (1.8), HECIOKHO NOTYHUHTD

[
Lzzxpy_ypa::xPy_sz+g(yAx_$Ay):

1 .
= —hji+ Shy(R® - B3), R =3+, (1.13)
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8 B.I. Barpos, I.®. Komnerros, B.B. Tusuer

W3 (1.13) cnenyer, 4To L, €CcTh MHTErpas JBHXKEHUS W BBIPAXKAETCA 9epe3 NOCTOSHHBIE HHTE-
rpupoBanusi. Beeaem 0003HAUEHUS

E =chl,m =mgc/h, P, = hks, i =lo+p,0< u<1,L, =kl —1). (1.14)

3aech ly — nesoe (MON0KUTEIHLHOE WM OTPUIIATEIBHOE) YUCIo, GnzKaiiiee Kk Ge3pa3MepHOMY Tapa-

MeTpY [, TAKOEe, UYTO
0<p—-lo=pn<1 (1.15)

Bespazmepnast enuduna [ BEIpAXKAETCA Y€PE3 KJIACCUYECKUI MHTErpas ABukenud L,

Bl =L, + hlo. (1.16)
W3 (1.13) nony4gum
l+,u:Lz/h+ﬂ:%(R2—R§). (1.17)

Ocrona crenyer, 9ro npu | > (0 HaYaJI0 KOOPAWHAT HAXOAUTCH BHYTpU OKpyx)HOCTH (R > Ry, cydait
R = Ry uCKJIIOUAETCs ), TO €CTh TPAEKTOPHs 3JIEKTPOHA OXBATbIBaeT coJienous, a npu [ < 0(R < Rp)
COJIEHOM, He OXBaThIBaeTCs Tpaekropueil. M3 (1.9) noayduM KIacCHYECKOe COOTHOIICHUE

K*=m?++*R? + k2. (1.18)
Benem Ge3pasmepHble KOMIUIEKCHBIE BEIMYUHBL (1 H G2
h/2var = P, — 1Py, Rh\/2vas =iP, — Py + hvy(z + iy). (1.19)

U3 (1.19) cnenyor COOTHONIEHUS

2P, = hy/2v(a1 + ai), 2P, = ihy/27(a1 — a),

(1.20)
V2vx = af +as +i(ar —af), /2y =i(ad —a2) —a1 —af.
Ha knaccuyeckux TpaeKTOPUSX UMeEM
V2a; = —iRye~ Wtteo),
V2ay = \/A(z0 + i), (1.21)
af a1 + aaf = yR* = (P} + P}) /1,
afa; +araf — alas — asad = 2(L,/h+ ).
1 Tounble penieHuda ypaBHenus Kosiira-I'opgonra
Ypasuenne Knsitna-Topnona
. -» 0
(PP, — mp2c)¥ = (P2 — P? — mo?c®)¥ = 0, P, = ihd, + “A,,,0, = S (2.1)
C €Xr

¢ norentpagamu (1.1) JonycKaer B Ka4ecTBe KOMMYTHUDYIOIINX MEKIY COBOH HHTErpaioB JIBUKEHHUSI
SHEPTUIO YACTHUIIBI, UMIIYJILC BAOJIb OCH 2 W MPOEKITNK) MOMEHTA Ha OChb 2

Po¥ = hKV, P,U = hks W, LU = h(l — I,) V. (2.2)

OHO3HAYHOCTH BOJIHOBOM dyHKuMK ¥ Tpebyer Ternepb, 4ToObL | ObLIO 1eabiM dnciioM. CoB-
MecTHOe pemnenue ypasheHui (2.1) u (2.2) IpuBOAMT K CAEAYIOIIAM PE3YJIbTATAM.

ITpu I > 0 (B KuACCUYECKON KAPTHHE TPACKTOPHS JEKTPOHA OXBATHLIBAET COJIEHOU,]) BOJHOBbIE
dyHKIMU 9acTUIBL UMEIOT BUJ (N 1IeJ0e HEOTPUIATENHLHOE YUCIIO, ¢ — HOJISIPHBIA YIroI)

W 1.ks (@) = Nexp(—icKt + iks2)n 1 (1, @),
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Yni(r, ) = expli(l — lo)@llntpn-1(q) =

= %ew[i(i —lo)p — 2)g LM (), (2.3)

g=17"/2, 0< 1< n.
3aech uepes Iy, ;(¢) oboznadvensl dbyukunu Jlarrepa, onpeneneHne u CBORCTBA KOTOPBIX [IPUBEJEHBL B

IIPUJIO2KECHU . Pa,BpQH_IeHHbIe 3HaYCHUA 3HEPTrUuu K OIIPEaCJATCA BbIPpaKCHUEM

1
K> =m?+ k3 +2y(n+p+ 3): (2.4)

3aBHCAT TOJBKO OT TJIABHOIO KBAHTOBOIrO Yucia 1. Ka)Kaplil ypoBeIl HOMepa N BRIPOKACH 1 + 1 pas
mo uncay [ =0,1,2,....n.
Ecnu ke | < 0 (conenHons He OXBATHIBACTCA KJIACCHYECKOH TPAEKTOPHUE 3JIEKTPOHA), TO HMEEM

U, 1k () = Nexp(—icKt + iksz)on (r, @),

(1, 9) = expli(l = lo) ol n—1—p,n(q) =

_ I'(1+n) . g e,
B \/memh(l —lo)p—3la = L, (a), (2.5)

l=—1,-2,..<0,
]
K =m?+k} +2y(n + 5), (2.6)

31ech Kaxk bl yPOBEHb HOMEPA, 11 UMeeT DECKOHEYHOE BbIPOXK/IEHUE 110 YUCiy [. Y posHu sHepruu (2.4)
u (2.6) npu 0 < p < 1 He COBIAJAIOT, CABMHYTHI APYT OTHOCHTEJIBLHO Apyra. Ecaum xe u = 0, To nMeeM
TOJILKO OJIHY CEPUIO YPOBHEH mpu ro0oM [, mpu 3ToM BoaHOBBIEe dyHKIMU (2.3) u (2.5) MoryT 6LITH
3aMACAHBl €IUHOOOPA3HO B CUITY cBoficTBa (4.22).

Taxum obpasom, npu i = 0, To ectb i = lg — maruurublil noroxk ® B (1.3) comepxkuT nenoe
YHCJIO0 KBAHTOB MardduTHOI'O IIOTOKa

Oy = 2rch/e (2.7)

¥ HaJW4He II0JIs COJCHOMJA HUKAK HE CKaXKeTCs Ha BOJHOBBIX (DYHKIIHUSX YACTHUIILI, 3TH BOJIHOBBIE
GYHKIUYA TOYHO COBIIAAAIT C BOJTHOBBIMH (DYHKIUSAMHU A1 YACTHUIBI B OJHOPOIHOM MATCHHTHOM IIOJIE
¥ HUKaKux nposieieHuii adperra Aaponosa-bBoma B sToM citydac He MoxkeT Habuomarbes. Tombko
€C/IM BEIUYUHA MAarHATHOIO MOTOKA ® CONEpXKUT HEUEI0e YHCIO KBAaHTOB Py, BOZMOKHO IIPOSIBJICHUEC
s¢dpdekra Aaponosa-BoMa B paccMaTpUBaeMOM II0JIE B 3JeKTPOHHLIX IIPOLECCAX.

Beenem omnepartopsr a1, ai", a2, a;' cornacHo (1.19), cuuras Tenepb BeJUUUHBL B IPABBIX 4ACTAX
(1.19) oneparopamu [6]. Hecioxao BHIETH, YTO ak,aZ'(k = 1,2) apagiorcsa audhepeHmaibHbIMEI
OIIePATOPAMHU MEPBOTO TOPSIKA U UMEIOT CAeAYIOMINA B B IEPEMEHHBIX 0, ¢

ar = —i/ge [(lo + pu+q —i8,)/2q + 9,),
af = iy/ae (o + -t g~ i0,)/20 - 3, .
as = —/qe"[(lo + 1t — g — i0y) /2q — 0],
af = —/ge #[(lo+p—q—id,)/2q + ).
CoxpaHsitorcsi B oneparopHoM suje cootroinenus (1.20) u cooTHoIeHust
h
P? 4+ P} = yh*(araf + afa1), L. = §(alafr +ala; —asal — afaz) — hji. (2.9)
JIerko yCTaHOBUTD, [I0/Ib3YICh U3BECTHBIM KOMMYTATOPOM
h
PzPy _ Pszc — _ie_Hz (210)
¢
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u (1.2) crneyomne KOMMYTAIMOHHBIE COOTHOLIEHM S
[ar,af] =1+ f, [ag,af]=1—f, [a1,a2) =if, [a1,a5] =0, (2.11)
rae 6e3pasMepHasi CHHIYJISpHAS QYHKIUS [ UMEeT B
[ = (@/H)(2)5(y). (2.12)

Ecnu S upoussosbhas cesizHasi 061ac1b Ha IIOCKOCTH I, i, JIJIs KOTOpoit Touka & = y = 0 (Ha-
4aJ10 KOOPJUHAT) sIBJISeTCs BHYTpeHHel, To u3 (2.12) B cuny cpoiicrs § dbyukuunu cienyer [ f dedy =
s

S/H=[frdrde = %f f dqdy, rne nepemennas ¢ eenea B (2.3). Orcroga o4eBHIHO
5 5

£ = @/mi@it) = 29 = Zsg) = 22 s0). (2.13)

3aech yurenbl obosHadenusd (1.3) u (2.7).

U3z (2.11) cnepyer, 9T0O onepaTopbl aj,ak(k = 1,2) mpu & = f = 0 gBasioTCa OUEPATOPAMU
poxJenus u yumdroxenud. OgHako Hanudue B KomMmyTaropax (2.11) cunrynsipuoit ¢pyukuuu f na-
PYIIACT 3TO CBOMCTBO, OMEPATOPHI a;:,ak mpu & # 0 yKe He ABIAIOTCH OTEPATOPAMU POXKJICHUS U
yungToxkenus. Opaako u3 (2.13) Bugum, 4o Ha GYHKIMAX, HEIPEPBIBHBIX B TOYKe ¢ = 0 u obpaira-
TOMIXCs B HyTb npu ¢ = 0 BMecTe ¢ TIepBoil TPOM3BO/THOM 10 ¢, OTIePaTOPHL a , ax BCe XKe BeIyT cebs
KaK OIepaTOpbl POXKJIEHUS U YHUYTOKEHUS,

Ucnonbsyst popmyast (4.11)—(4.14), nerko ycraHoBuM AeiCTBHE OIIEPATOPOB a}l‘, ar(k=1,2) na
BosHOBbIe yHKIMA (2.3), (2.5)

G Png = —iV/I+ 101, af Yng = iv/n + p+ Wny11,
W1Pnt = iVNPn_11-1, aF Ont = —ivVn + 1ppy1141,

a21;[}n,l =—Vvn— h/}n,lJrl? a;wn,l =—vn—I1+ 11/}71,171:
a2pn = /1 — 1= pnir1, a3 Png = V/n == p+ Lon 1.

W3 37X cOOTHOIIEHH] ¢ OY€BUIHOCTBIO BEITEKAET, UTO DYHKINA )y, § MOTYT OBITH TTOPOKIEHB

. + . +
JeficTBHeM ONepaTopOB a; Ha o0, a QYHKIHMH (,; TOPOXKIAIOTCA JefiCTBHEM ONepaTopoB a; Ha

$0,—1. J1IETKO YCTAIIOBHTL, YTO

(2.14)

_ AT n— F(l + :U’) n—l n
1/’n,l - (_7’) (_1) l\/I‘(l —I—u—l—n)F(l +n— l) (a;r) (air) 1/)0,0: (215)

Pt = in\/p(l T n)l;((Ql__l;)+ —) (@) (@)™ 0,1 (2.16)

1o aHANOTHY C TAPMOHMYIECKHM OCHHILIATOPOM MOZKHO CIUTATH, ITO g0 ABJIAETCH BAKYYMHBIM
COCTOAHUEM JIUTA KJIACCA COCTOAHUMA Uy, |, & 90,1 — BAKYYMHOE COCTOAHUE JUT KIACCA COCTOSHAH ©p /-
C nomormpio onepatopos ay , ax(k = 1,2) mesoamozxkuo npu 0 < u < 1 mepesect o0 B o, 1 (1 HA0GO-
POT) |, CJIEJOBATEILHO, HMEETCA JBA PA3IMYHBIX BAKYYMa, K3 KOTOPBIX IOPOKIAIOTCS JABE PA3JUIHbIE
cepun BO30YZKJIEHHBIX COCTOsIHUN € Pa3NIMIHbIMU cepusMu suepruit (2.4), (2.6). 3amevare/bHBIM SAB-

sagercs To 0bcTosiTenbeTBO, UTo pu 0 < i < 1 umeem

¢n,l(7' =0, 90) = 907171(7' =0, 90) =0, (217)

TO €CThb B MECTEe, I/Ie HAXOIUTCA COJICHOUI, BEPOSTHOCTDh HAXOXKACHUA SJICKTPOHA TOIHO PaBIIa, IIYJIIO.
Ozanako dhaxT CyLIeCTBOBAHMS MOJI COJEHOUIA BJIUACT HA IIOBEJEHHUE HJIEKTPOHA (HA ero BOJHOBbLIE
dbyHKIMEK) B Tex 061aCTAX IPOCTPAHCTBA, [ STOTO MOJI HET, JAXKE U TOIA, KOTJA JIEKTPOH CTPOTO He
MOKeT HAXOOUTLCS B MECTe, TIe 3TO [oJe eCcTh., VIMEHHO B 3TOM MPOMBIIsieTcs cyTh 3¢ dekra Aaponora-
Bowma.
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ITpu ¢ = 0 (Benumumna moroka ¢ paBHA IEOMY HHCIYy MACHATHBIX KBAaHTOB $g) cuTyarms
Mmensercsa. B srom ciydae B cuny (4.22)

Yo = (=1) o, =0, (2.18)
I71g JIOOBIX § < n 1 1o,0 CBA3AHO C g, 1

a;ﬂ)o,a = ¥0,-1: G2¥0,-1 = 1/10,0- (2~19)

TeM caMbIM B CHCTEME UMEETCST TOJIBKO OFMH BAKYYM, OTHA cepud dHepruii (2.6) u Bee cocTosHUA
TIOPOYKIAIOTCS U3 OJIHOTO BaKyyMa g g JeficTBHeM orepatopos aj ,ay [8,9].

Oupeuenenns (2.3) u (2.5) GyHRUME ¥y B @,y ¥ cooTHOMEHUS (2.14) cnpaBenIuBLL B mpn
JPYyTHX 3HAYEHUAX [, IOMUMO YKa3aHHBLIX B (2.3), (2.5). Hampumep, GhopMaibHO CHpABEIJIUBLL COOT-
HoweHus (nosiydaemblie u3 (2.14) cOOTBETCTBYIOIIAM BBIGOPOM YuCa /)

b =~V i 1,1 = =i+ )y e senli(+ oo - Hla 5 L @)
atpn 1= —ivn+loa10=—i(l+n) %e:ﬂp[—ilog@ — %]q’%L;ﬁl(q),
a2pn,—1=+1—p+nppo=010—-p+n) %ew(—ilow - %)q*%L;“(q)g

W bna =~V T, 1 =~k )y pseanl=i(1 + e — T F L @)

(2.20)
Dyurumu Py 1, Ps,0 GOPMATLHO KOPPEKTHO OmIpenereHsl dhopmytamu (2.3), (2.5), onHako He
Gurypupyior B Habope KBAHTOBBIX COCTOAHUIN (He ABJAIOTCA BOJHOBBIMU byHKImaAMY). MHbIMU Cl1o-
BaMU, B 3TOM Cilydae jeiicTsue oneparopos a;,ai(k = 1,2) Ha BoHOBbIE DYHKIMH BBIBOIUT WX W3
KJIACCa, BOJHOBBIX (DYHKILUiL, Yero He npoucxoaut npu p = 0 B cornacuu ¢ (2.18) u (2.19).
Jlerko Bugerh, 4To npasble Yactu (2.20) npu 0 < u < 1 B Touke r = 0 ob6pamaiorcs B GeCKO-
HEYHOCTD (XOTs OCTarOTCs KBaApaTudHo uarerpupyeMbivMu!). Iipu ¢ = 0 obparienus B 6€CKOHEYHOCTD
npu r = 0 He poucxonuT [8,9].

2 Tounble pemneHusa ypaBuenuga Jlupaka

Vpasuenne upaka
(+v*P, —moc)¥ =0, (3.1

kaK u ypapucime Knsiina-Topaona, 1y nosieit, onpefengemblx noreniuanamu (1.1), nomyckacrt B
Ka4yecTBe UHTErPAJIOB JIBHMKEHHU IOJIIYIO SHEPTUIO U UMIIYJILC BIOJIb OCU Z

Py¥ = kKT, P, = hks W, (3.2)

a TaKXKe IIPOeKIUIo IIOJTHOI'O MOMEHTa Ha OChb 2

1 K
JU =h(l—lo— )V, Jo = L. + 55, (3.3)

HeThIpeXKOMIIOHEHTHBIH CIIMHOP ¥, yAOBJETBOPAOMMI ypasaenusaM (3.1) u (3.2), umeM B Buze
U (zH) = Nexp(—icKt + iks2)¥(r, @). (3.4)

KOMIOHEHTBI Y4eThIPEXMEPHOro CIUHOPA (T, ) YAOBIETBOPSIIOT, C YYETOM OIEPATOPHBIX TOXK-
JeCTB

P, —iPy = hy/2vay, Py +iPy = hy/2vaf, (3.5)
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12 B.I. Barpos, I.®. Komnerros, B.B. Tusuer

CUCTEME YpaBHEHUNA

1 . 1 .
K —m — ks — 5(71 +iv?)a; — 5(71 —ivHal |y =0, (3.6)
1 .
—(1+E3)—la¢—l+l0 ¥ = 0. (37)

2

Cucrema (3.6) nomydacrea noacraHokoit (3.4) B (3.1), cucrema (3.7) ecrs caencrsue (3.3).
Cucremam (3.6) u (3.7) MOXKHO YAOBJIETBOPHUTD, BHIOUPasd KOMIIOHEHTHI CIIMHOPA 1) B ABYX BO3-
MOKHBIX BHIAX:
ITpu I > 0 nmonaraem

1 = Cr¥n_1,0-1, Y2 = iCo%n 1, Y3 = Cstp_1,-1, Y4 = iCythn . (3.8

ITpu I < 0 nmonaraem

P =Cron—1-1, Y2 = —iCapn, Y3 = C3n_11-1, Y4 = —1Cspp . (3.9)

Baecs Cp(k = 1,2,3,4) npou3BoJbHBIE TOCTOAHHBIE KODGMUIMEHTH! (JIEMEHTBL TIPOU3BOJBLHOIO Y-
TeipexmepHoro croubua C). Cucrema ypasHenuii (3.7) Ipu 3TOM aBTOMATHYECKH BbINOJHAETC. JIjisi
nocroarnoro cnuHopa C' B obenx caydaax (3.8), (3.9) uz (3.6) nonyuyum anrebpandecKyio OZHOPOAHYIO
cucTeMy ypasHeHutt (BHIGpaHO cTaHAApPTHOE Tpe/crasienne marpun Jupaka [9])

AC:O, AZIC—TYLpg —k3p123 —Qplzl, (310)

e Q@ = v/2y(n+p) aa (3.8) u @ = /2yn ga (3.9). Cucrema (3.10) uMeeT HCIYICBOC PeIleHHe,

eCJIn

detA =0, (3.11)

YTO ONPEIE/IeT SHCPruio 3IeKTpona, K
K* =m* + k3 + Q. (3.12)

Taxum 06pa30OM U 3/1ECh UMEEM JIBE CEPUHU IHEPIHUil.
Jgs nabopa cocrosuuii (3.8) (coneHonm 0OXBaTHIBACT KAACCHYECKYIO TPACKTOPHUIO)

KE=m?+ki+2y(n+u), 0<I<n. (3.13)
Jns wabopa cocrosuuil (3.9) (coneHouna He OXBATHIBAETCA KIACCHYECKOH TpaeKTOpHeil)
K* =m? + k3 + 2vn, [ <0. (3.14)

Ecnu ycaosue (3.11) BBINOSHAETCS, TO OKA3BIBAETCS, YTO PAHT MATPUILI A paBeH 2 u HeTPUBU-
aJibHbIe pereHus cucreMbl (3.10) comep:kar 1Be NPOU3BOJILHBIE IIOCTOAHHBIE. MHOXKECTBO 9TUX pelie-
HUH [1J151 9eTIPEXMEPHOTO CIUHOPa C' MOXKHO 3aMUCATH B GJI0YHOM BUJE Y€PE3 [IBA IBY XKOMIIOHEHTHBIX
CIIMHOPA

C = ((K+m)v(ksos + Qo1)v), (3.15)

rje o1, 03 — MaTpuist [laymu, v — TPOU3BOJLHBIA IOCTOSIHHBIN JBYXKOMIIOHEHTHBIN CITHHOP.

[IpousBon B BBIOOpE CIIMHOPA ¥ CBA3AH C CYIIECTBOBAHUEM B HAIIEM CIyHae JOMOJHATEIBHOTO K
(3.2) u (3.3) cnmHOBOTO MHTErpaNa ABMKEHUs. JIJIst 3JIEKTPOHA B MATHUTHOM I10JI€ BOIPOC O CITMHOBBIX
UHTErpaJiax JBUKeHUdA 10apobHo paccMmarpusaics B [8,9]. B maremarudeckom miane Boi6op mi060ro
U3 NOMYCTUMDIX CITHHOBBIX WHTErPAJIOB JBHYKEHUA CBOJUTCA K BOZHUKHOBEHWIO JTONOJHUTEIBHOMN JIH-
HeliHOM OIHOPOAHON anaredpandeckoil CUCTEMbI YPABHEHUN Ha, ABYXKOMIIOHEHTHbBIA CIIMHOP v, OTKYyAa
OH U OIIPEJIEJISIeTCs C TOYHOCTBIO JI0 HOPMHUPOBOYHOM TIOCTOSHHOM.

Ja nabopa cocrosuuii (3.9) cocroaume n=0, [ < 0 apiagercs ocobbiM. B 3TOM ciryvae BonHOBaA
DYHKIMS OTIUIHA OT IIYJIs TOJBKO TIPU BBIGOPE CIIUHOPA U B BHJIE

v=(01), osv = —v, (3.16)
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U paBHa HYJIO TIpH
= (10), o3v = w. (3.17)

ITonuas BosHOBas GyHKIMA ¥ B 3TOM cilydae ecTh cOOCTBEHHAs (PYHKIIUS ONepaTopa X3
530 = -9 (3.18)

¢ cOOCTBEHHBIM 3HaveHreM —1 (CIMH 3/IeKTPOHA HAPABJIEH TOJbKO NPOTUE MAIHATHOTO MOJIs, COCTO-
SHUN CO CIIMHOM 10 MACIUTIIOMY HOJIO HEeT). DTOT (haKT U3BECTEH [l 3JEKTPOHA B MArHUTHOM I10JI€
[pU OTCYTCTBUY NOJs cosienonaa [8,9].

Ocobbimu sBnsitorest cocrostaus ¢ n = 0 (I = 0) u mia nabopa (3.8). B arom cayuac cymecrsyor
HeHyJseBble BoIHOBbIe GyHKIMU (pu 0 < < 1) 1715 06edX THIOB CIMHOPOB U

osv = Fv, (3.19)
HO TU (DYHKIME COAEPIKAT, B YACTHOCTU

exp[—i(l +lo)p — Q/2}q_lfTu
T'(p)

unpu g = 0 dyskuua ¢_; _1(r = 0,¢) = 00, 0CTaBasACh, OJHAKO, KBA[PATHIHO UHTErpupyemMoii. B
TAKUX COCTOSTHUSX BEPOSITHOCTH HAXOXKJEHWS JIEKTPOHA B MeCcTe, IJie HaXOJIUTCs COJIEHOW/I, yIKe He
pasHa, vyt (6onee Toro, ona Geckoneunal). Dot dhakT u3BECTEH U CBA3aH C BOSHUKHOBEHUEM B 9TOM
COCTOSIHUYM CBEPXCHJILHOI'O B3aUMOJECUCTBUS CIIMHA 3JEKTPOHA C IOJEM COJIEHOW/IA, KOr/A 3JeKTPOH
JABHIKETCA [0 OpOUTE MUHHUMAJBLHO BO3MOXKHOIO B THUX COCTOSHUsX paauyca (cpasuenue (3.13) ¢
(1.18) mpu n = 0 IOKA3BIBAET, YTO B ITOM CJIYYaC paauyc opburbl R MuHHMAaJeH u cBs3ad ¢ i > 0
coorHomenneM R? = 2y1/+), NprdeM TpaeKTOPHs 3/1eKTPOHA OXBATBHIBACT coJeHOr . [ GecclnHoBoM
YACTHIIBI TAKOU OCOOEHHOCTH BOJIHOBBIX (DYHKIMH He cylecTByeT. TeM caMbIM Jijisi COCTOsSIHUS 1 = | =
0 sacbdert AaponoBa-BomMa B dncToM BHae He nposiBasercsd. [pu p — 0 BosHOBasA (DYHKIUS IJId U B
sugie (3.17) obpaiaerca B 1IyiIL, a 1jd v B Buge (3.16) coBuagaer ¢ BOJHOBON QyHKIMEN 3/IeKTPOHA
IIPpHU OTCYTCTBUU IIOJIA COJICHOHUOA.

IMpoeenenHoe paccMoTpeHune MoKasbiBaer, 4To addext AapoHosa-Boma B 06lueM ciydac cBs-
3aH C NepecTpPOKON BOTHOBLIX (DYHKIMNA U, TEM CAMBIM, MOXET HPOSIBIATHLCS BO BCeX (DU3MUECKHUX
SIBJIEHUSIX.

Y11=

(3.20)

3 Maremaruiueckoe IpUIoKeHUe

1. ®yuknun Jlareppa I, OIpelenuM COOTHOIIECHUEM

I(1+n) exp(—z/2) M s
TiTmTatn—m® = 2™ +L2). (4.1)

Inm (m) =

3aech ®(a,y; x) — BLIPOKICHHAS TUIEPreOMeTPUYecKas (DYHKIUSA B CTAHIAPTHOM ONPEIEIeHUN (CM.
[10], crp. 1072; dbopmyna 9.210). Ilpu v # —s (s — HeI0e HEOTPUIATEIHHOE YUCIO) BBHIPOXKICHHA
runepreoMeTpudeckas (PYHKIUA MOXKET ObITh 3aJaHa CXOAAIIMMC TIPH BCEX KOMILIEKCHBIX 2 PsIOM

[ee]
() * 7) MNa+k)z
$ 1T) = 4.2
o) =3 (o - S Tt (42
rje cuMBoabl [Toxramvepa (o) A1 BeeX (KOMIUIEKCHBIX) (¢ ONPEIENEHBL CICAYIOMAM 00pasoM
r 3
(@ =ala+1).la+k-1)= %. (4.3)

Qynkuwnn Jlareppa I, », Onpesesiens! s T00bIX KOMIVIEKCHBIX 3HAUEHUH apryMeHTa & U 1apaMeTpOB
7, M, JJI KOTOPBIX TIpaBas 4acTh (4.1) nMeer cMbIciI.
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14 B.I. Barpos, I.®. Komnerros, B.B. Tusuer

2. BEcau m— HeoTpUIATENbHOE IIeI0e 49UCI0, TO (PYHKIMU Jlareppa CBSA3aHBLI ¢ NOJUHOMAMHU
Jlareppa L% () cnenyromum o6pazom

—m

DL M) (o )2)2™5 L (), (4.4)

T(1+n)

N

Inm(x) =

m=0,1,2,..

MBI HCTOIB3yeM CTaHIAPTHOE ONpeieseHne noauHoMoB Jlareppa ([10], 1051; 8.970, 8.972.1)

La,,_lzfadn 7zn+a_n k(—l‘)k_ d 1 . 4.5
n(.L)—ae.Z' i —kg_o(n+om— ) o =(n+an)®{(-n,1+a;z). (4.5)
31ech BBEAEHB OHMHOMHUAJILHBIE KO3(DPUINEHTDI
ala—D..(a=n+1)
(an) = , , (4.6)
n!
n — HeOTPHUIATENBHOE TIeJ10€e YUCI0. O4eBnaHo, 9TO
'+
(an) = (1+c) 4.7

rl+n)l(1+a—-n)

Dopmymna (4.7) onpenensier (an) juid BCEX KOMIUIEKCHBIX (¢ M 11, JJIA KOTOPBIX Tpasas 4acTh (4.7)
HMEET CMBICIL.
JIerko mpoBepuUTL CBOMCTBA

a+1

(a+1b) =%

(ak), (a0)=1,(al) =a..., (4.8)

sin{a — k)7

(ak) = (aa — k), (ak) = (k—a—1k),

sin aw

n

> (ak) (Bn— k) = (a + Bn). (4.9)

k=0

IMocnenaee cBORCTBO OYEBUTHO, €CTH YHCCTD, YTO
M)l —z) = 7/sinww. (4.10)

3. Ucnonbays uzsectusie ([10], 1072; 9.212; 9.213; 9.216) cBoicTBa BLIPOKIEHHON IUIIepreoMeTpue-
CKOI (DYHKIMHA, HECJIOKHO NOJYYUTH CIEAYIONME COOTHOIEHUs A1 (pyHKuuii Jlareppa

2V/x(n + Dnp1m(x) = (n—m + 1)1y (2) — 221, . (z), (4.11)

2v/z(m + Dlpmy1(z) = (n—m — 2)Inm(x) + 221, (z), (4.12)
2venl, 1 m(x) = (n—m + )y () + 221, . (2), (4.13)
2vVemlym1(z) = (n —m — z)Inm(z) — 221}, , (), (4.14)

2vnmly_1,m-1(z) = (n+m — z) I m(x) — 221}, , (), (4.15)
2v/(n+1)(m+ Dipy1mi1(@) = (0 +m+2 = z) Iy m(z) + 221, ,, (), (4.16)

u muddepeHanbHOe ypaBHEHHE

421} . (x) + 4z, (x) — [z7 = 22(1 + n+ m) + (n — m)*]L, m(z) = 0. (4.17)

)
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O6mee pemenue I ypasuenus (4.17) umeer Bug
I'=AL,m(x)+ Blya(x), (4.18)

ecn I (x) 1 Iy, () IMHEHHO HE3ABUCHMBEL, YTO BCELJa UMEET MECTO KPOME CIIydasi, KOT/IA BBIIOJ-
usiercs yeaosue (4.22). ®opmyant (4.11)-(4.16) u ypasrenue (4.17) UMEIOT CMBICJI OPU BCEX KOMILIEKC-
HBIX 3HAYEHUAX 1, m,z. Cremyer cobIIOJATH U3BECTHYIO OCTOPOXKHOCTH MpPH NPUMEHEHHH (hOpMYJI
(4.13)-(4.15) npu n,m = 0. IIpsimoii pacyer ¢ ucnoabzopanneM (4.1) u (4.2) IPUBOIUT K CIICTYIONTAM
pe3yaLTaATAM

lin%)\/ﬁln_Lm(;r:) L VI +m)z™ 5B exp(x/2), (4.19)
n— T
lim /mI, pm-1(x) = 0. (4.20)

m—0

4. 113 CBOMCTE BBIPOKIEHHON MAIEPreOMeTpUIecKOi (OYHKIINK CJIEIYyeT MPEICTABICHUE

Lnm(z) = Ilj((lliz)) F(imf(s/f)m)x"?m ®(1+n,14+n—m;—x), (4.21)

u coornomrenue ([10], 1073; 9.214)
Inm(z) = (=1)""" Lin,n (), (4.22)

n — m — HeJ0e YUCIIO.
5. Uz (4.1) u (4.21) MOXHO TOMYYIUTH CIEAYIONINE NPEACTABICHU [, 1, () B BUJE PAOOB, UC-
nonn3ys: (4.2)

. o0
sinmm sz n-m T'(k —m) z*
Lym(z) = — T(1+n)(1 53 T =
m () r VI I+ m)e” Fa ;I‘(k—m+n+1)k!
.- (—z)*
=T(1+n)T1 “EptE — . 4.23
VI mE(L+m)e™ I;]F(m—k+1)F(n—m+k+1)k! (423)
2z 3 =~ T D (—z)*
Ly (z) = exp(z/2)x = Z n+k+1) (-=z) (4.24)
VIA+n)Id+m) o Pin—m+k+1) K
6. [Ipu Rex — +oc nuMeeT MeCTO acUMITOTHYECKAS hopMyIa
r
P(a,cx) = Féz)) e’x47C, (4.25)
YTO MPUBOJNUT K CJACAYIONICMY ACHMITOTHICCKOMY NOBeAeHuto I, o () npm Re x — +oc
Iym(z) = — ST VI 4+ n)(1+m)z~ g exp(x/2), (4.26)
T
€CIId M — He HEeN0€e YHCIO.
o " e (—z/2)
Lym(z) = (~1)™ 4 : (4.27)

VI +n)T(1+m)

eCJIM M — TeJIoe YHCIIO.
7. Uccnenyem acumnroTuku I, m () npu Gosiblinx 3Havennax napamerpor. duast T - dyskinmm

ussectHo ([10], 951; 8.328.2)
lim F(Z + a) e—alnz

dim = =1, (4.28)
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16 B.I. Barpos, I.®. Komnerros, B.B. Tusuer

OTKyZJa HeMeJIeHHO CJIeIyeT

F(Z +a) (b—a)lnz : F(Z+(l) —alnz F(z) bl
i Sl it = 1 — LeTMnE__L OME . 4.29
WJIM, 9TO SKBUBAJEHTHO, NIPH |z| — o
r
Lz+a) | (a—tin:, (4.30)

I'(z+b)

W3 paznoxenus (4.24), yaurbiBas, 4ro cortacto (4.30) mpu n — oc

I'ln+k+1) m
~ , 4.31
Tn—m+k+1) "7 (4.31)
NOJTYIHM TIDH 7. — 00, 17, T —(PUKCUPOBAHBI
exp(z/2)z" =" ad
L m(x) ~ Z |
VIT(1+n)T(1+m) pard k

OKoHYATEILHO UMeeM

m

n"x 7 exp(—x/2)

VT +n)T(1+m)’

Ly m(T) = (4.32)

n — 00, M, L — GUKCUPOBAHDI.

Eciu m — oc npu (pUKCUPOBAHHBIX 71, &, TO IPH 7. — 17. HE PABHOM IIEJIOMY HYHCIY, C YIETOM

(4.10) Haitmem
Fn—m+k+1)= <_1>ksin7r(77;7—m)[r(m -n—k)],

u dopwmyny (4.23) nepenuinem B Buie

k::(]

Mpunanmas Bo sauManue (4.30) mpu m — oc

F(m —n—- k) ~ m—n—l
C(m —k+1)
OKOHYaTEeJbHO HaiigeMm
sin w(n & n—m
Inm(x) = B \/I‘ (n+1)T(m+1l)ezz = (4.33)

m — 00, N, T — OTPAHUYEHBI, N — 1M — He LEJI0e YHCIO.

Ecim n —m — meso0e 9HCI0, TO, ¢ yIeTOM COOTHOMEHHs (4.22), 337298 B 9TOM CIIyHae CBOJAUTCS
K (4.32).

PaccmoTpum, HAKOHEL, ACHMIITOTHIECKOE TIOBeACHNE o1y (%) mpu n — 06 ¥ PUKCUPOBAHHBIX
a,z. 3 (4.23) umeem

nols

Ininn(z) =2 (4.34)

s ad I'(n+a+DI(n+1) (—x)k
N To k- DIk + DIk +a+ DR

k=

u cornacuo (4.30) npu n — oc Hakgem

o0
Lotnn(z) & e_%(nx)% E T
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Ho crosimas 3neck cymMa Beipazkaercs depes dbyukuuto Beccens ([10], 975; 8.445)
Tinn(z) = e 2 Jo(2¢/n1). (4.35)

YaursBasg acumnrorndeckyo dhopmyay ([10], 975; 8.451) ma dbyukuuit Beccensi, OKOHUATETBHO HAl-
JeM

M\H

e ™

Ininn(z) ~ )i/t L c0s(2v/nz — —a — Z) (4.36)
Hakomrern, 10KaXXeM aCHMIITOTHICCKYIO (DOPMYILY
.,1,:2
it Tovapes () = Joao) (437)

Cornacuo dopmyne (4.24), umeem

2

T T\ B > )Qk z\%k
1ﬂmm5(@) (5) 6“72mp§zrk+a ﬁ+nm( )’

=0

rae o603HAYHIIN
T(p+a+1+kp =k

O = o rasDlpiiel

Ipu p — oc u3 (4.30) Haimem

lim Qk = 1,

p—roc
4TO cpa3y npuBoaut K (4.37), ecam ydccTh pasnoxenue B psia pyukunn Beccess.

8. Ecnm norpebosaTh KBaApaTuaHON uuTerpupyemoctu dbyuxiuii Jlareppa aa unrepsase (0, co),

T0, yuuThiBas (4.26) u (4.27), HOIyYnM, 9TO STUM CBOHCTBOM O0I81a10T TONLKO GYHKIMA [ty p ()
LpH TEJBIX HEOTPHUIATENBHBIX N B « > —1. Ilpu 3TuX 3HaYeHuAX napamerpos GYHKUHH [yt ()
06pasyT OPTOMOPMHEPOBAIIIYIO CHCTCMY

/Ia+n 'n. a+m’m(l‘)dl' = Jmﬁ (438)
0

a > —1,m,n — uenble HEOTPUIATEIbHBIE. DTO BBITEKAET U3 CBOACIBA OPTOrOHAIBHOCTH TOJHMHOMOB
Jlareppa sa urTepBase (0, 00) ¢ COOTBCTCTBYIONMM BecoM U HopMur ([10],858;7.414.3). 113 (4.4) B stom
CIIy 8¢ BMeeM

n!

— e 33 L%a). 4.
I‘(n+a+1)e 222 L3(x) (4.39)

Ia+n,n(m) =
9. B pusnyecKux NpUIOKEHUX IIUPOKOe IPUMEHeHIE HAXOIAT PA3JINYHbIe PA3I0KEeHUs PyHK-
uuit B paaor mo noauHoMaM Jlareppa u ¢yukuysaM Jlareppa. Paccmorpum 31ech npuMepsbl Haubosee
MHTEPECHBIX CYMM II0 3THUM (DOYHKIHSM.
JIoKaxkeM CACAYIOLICC COOTHOIIEHHE

n n

F=Y(a-B+n—k—1In-kLix)=(-1)">_(-1)*(B—an—k)Lj(z) = L(x). (4.40)

k=0 k=0

IMeppasi vacts pasencrsa (4.40) ecrb npocroe cnegcrbue popmydbt (4.9) npu nensix k. Hanee
Bocroan3yeMcea dhopmysod (4.5) u nosy«aum

—W: (4.41)

F= Z 1)+ (5 — an — k ZZ 1R (8 — am — k) (k + Bk —m) -

k=0 m=0
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B sToii dpopmysie nmoMeHseM MeCTaMH CyMMHPOBAaHHME IO k W 1M C IOMOIIBIO CJIEAYIOINIEro ODIIero
npuema. Paccmorpum

n__k n n n n—m
=33 fm) =303 fm) Sk 3 Y flkmm)
k=0 m=0 m=0k=m m=0 k=0

n k n n—m
SN flemy =" > flk+m,m). (4.42)
k=0m=0 m=0 k=0

ok o o
SN flem)y =D fk+m,m). (4.43)
k=0 m=0 m=0 k=0

Ipumensis (4.42) x (4.41), nomy<aum

F=3. i (—1)n+k(ﬂ—0m—m—k:)(m+,8+kk)x—' (4.44)
m=0 k=0
U3 (4.9) nmeem
(m+ B+ kk) = (—1)F (—m — B — 1k),
rnocJje 4ero F' npuMeT BHUIL
F=(-1)"> % 3 (B—an—m—k)(—m - §—1k)
m=0 " k=0

n _’L’m
— n —(_ — — —
F=(-1) Zm'( m—a—1ln—m).
Ecnu eme pas Bocnonb3oBarbes (4.9) U NpOM3BECTH 31ECh 3aMEHY
(—m—a—1n—m)=(=1)"""(n+an —m),

TO OKOHYaTEJIbHO IIOJIY' UM

3
=]

u, ¢ yaerom (4.5), coornomenue (4.40) nokazaHo.
Ecnu B (4.40) noaunomsr Jlareppa eoipasuth 9epe3 dyukuuu Jlareppa cornacuo (4.39), To ajs
UEJIbIX HEOTPUIATEBHBIX 1 HafizeM

_eaNe, L D(1+n)(1+8+k)
Ipinn(z) =2z kzzo(a B4+n—k 1n_k)\/m+k)r(1+a+n)15+k,k(x). (4.45)

10. Bazxnoe 3Ha4YeHNE TPU UCCIIEIOBAHUY CBOACTB dyHKUMM Jlareppa urpaioT UHTErPAJIbI

[e o]

™ + a+1) eb$ b
—ay m+2 I 2 d _ m &(— 1 [ Qe

0
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m+a+1) b2 b
= Mot am+a+1‘l>(m+a+1,1+a,a),Rea>O,Re(m+a+1)>O. (4.46)
v T 1) b3 b
ay m+ m+ o+ 2 by
/e 2 Ja(24/by Tla+ 1) aeraH(I)(m—l—a—{—l,l—{—a,—a)—
0

_I'm+a+1) e eb%
- T(a+1) amtetl

B (4.46) I,(z) — dbyskuusa Beccenst mammoro aprymcira ([10]), 966; 8.406), B (4.47) — dyHKIms
Beccens J, (x) onpenenena crangaprabiM obpasom ([10]), 965; 8.402).

BI)I‘H/ICIIQHI/IQ 3TUX HHTErpaJioB He IIpeacTaBJ/IdeT CJIO2KHOCTEM NOACTAaBIAA B HUX PAIABL IJIA
dbyukuumit Beccesst, IPOBOAMM MOYWIEHHOE UHTEIDUPOBAHKE M IIyTEM CDaBHEHUs € PsigoM (4.2) HaxomuM
nepsoe pasencTso (4.47) u Bropoe (4.46), nocse dero nepsoe paseHcTso (4.46) u Bropoe (4.47) caeayior
13 CBOMCTB BBIPOXKIEHHOM MHIEPTeOMeTPUIeCKON (DyHKINH.

B uacrHoCTH, cpaBHUBas BTOpoe paBeHcTBO (4.47) ¢ (4.1) HaiimeM cieaylolee UHTErPAILHOE
MPEJICTABJICHIE

<I>(—m,1—|—a;§),Rea>O, Re(m+a+1)>0. (4.47)

VI(1+n)T(1+m)I, =e2 /e vy ™S = T m(2y/Ty)dy, Re (n+1) > 0. (4.48)

B wacrHocTH, oTCIOIa IpU LEJIOM 1 — m caenyer (4.22).
11. Beraucaum uHTErpas

/e YL (y v (24/Ty Dre "z LV ""(z). (4.49)
0

TMoncTapsist, HANpUMED, B JICBYIO YaCTh 3TOrC papeHcTBa 1 L& (y) Bropoe Beipaxenue (4.5),
HalIeM, UCIOIL3Y: BTOPYIO 3amuch (4.47) u cHoBa (4.5)

[ st aevady = S (04 o an - k) 5 [ ey 2y )y
0 k=o 0
= Z(—l)k (n—{—an—k)% xS ®(—k, 14 v;z) = e Cxt Z(—l)k (n+an— k) Li(z),

k=0 k=0

4T0, yunrtbiBas (4.40), npusomut K (4.49).
12. Ecom B (4.22) nopcraButrh, CYUTas m, N IEJBIMA HEOTPUIATEIHLHBIMY, Bhipaykenus (4.4), To
I TIOMMHOMOB Jlareppa Haitaem

(=D"TA+m)z" L™ (z) = (-1)"T{A + n)z™ L7~ "(x). (4.50)
13. YeranoBum CACAYIONICC CBORCTBO TOIHHOMOB Jlareppa

i Tn+v+1)

vrv _ v—krv—k
e = g ) (4.51)

Cuauasa paccMOTpuM

d d

%x”LZL(af:) = vz’ LY (3) + x”%LZ(x) =
=" vLy(= )+l’diL"( )1 =" vLy(z) +nLli(2) — (n+v)Ly 4 (2)] =
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20 B.I. Barpos, I.®. Komnerros, B.B. Tusuer

= (n+v)2" 7 [Ly(z) = Ly ()] = (n+v)a" 7 Ly (2).

31eck MBI OCIEI0BATENBHO TpUMenuIn dopmyssl [10], 1051; 8.971.3,5, nociie 4ero CrpaseinBocTh
(4.51) cTaHOBUTCH OYEBUIHOM.
14. Inisi nanbHERIUX PACUYETOR CAeNaeM NIPCABAPUTCILIIYIO 3aroToBKY. I3 M3BECTHBIX CBONCTE

dyukuuit Beccens ([10], 982; 8.472.3,4)

(1 d) T () = 2 (2), (4.52)

zdz

zdz

(1 d) ST (2) = (—1) T (2), (4:53)

3aMeHOH epeMeHHol z = 2,/qT NoJIy4uM

() o*0evm =T g 2vim) (4.5

(i) 5 E T 2 TE) = (~ )" F 1 s (2/). (455)

dx

15. Teneps y HAC BCE OATOTOBJIEHO /151 BBIYUCIIEHNS JBYX HHTEIPAJIOB, COMEDKAIINX (DYHKIAN
Jlareppa, Urpaoumx CynCCTBCIIYIO POJIb B TEOPUY U3JTY UCIIHA.
Paccvorpum wHTErpan

e LE (2)LE ()2 *E" Jurp(2y/qT)dz =

0\8

= (—1)me i E LE T (g) LAt (g), Re (a+ B +1) > 0. (4.56)

Ecmu ma LS (z) BOCIONB30BATHCS NEPBBIM paBeHCTBOM (4.5), TO moaydIum

7= [ L@@ Jaa Vs =
4]

1 o
= o [ et L (2 e,
4]

WaTerpupyst 310 BBIpasKeHUE M pa3 [0 Y9acTaM, W TOJIL3YAChL (hopMyroi Jleibruma, nomsyaumM

oC

1™ —x_mto ar atb
7= E8 [aneramee Lo 3wy Jura(2va) =
' 4]
m M ° e mia dk a4n —k [‘3 3
> k) [[e tamie e S o s ) s L)
k=0 o

Hcnonbsysa reneps (4.51), (4.55), (4.7), npuBeeM 3TO BBIDAXKEHUE K BUILY

Py m\»

(=D (n+pm — k) =~

NE

o0
J=(=n" /e zpB-mtk( )xa+§+k Jotp+k(2+/q9z)dz
0

=
Il

0

BocnonpzoBasiuucs (4.49), naitiem

m E
gz

J = (1) Let T (g)e” qqa+6 Z( D" (n+ Bm — k:)
k=0
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C yuerom (4.5) npuxoaum K Boipaxkenuto (4.56). Ecau B 3TOM BbIpaXKeHUU IOJHMHOMBL Jlareppa Bbl-
pasuTh 4epes dbyHkiuu Jlareppa cormacuo (4.39), To mogyIuM

/Ia+m,m($)IB+n,n($)Ja+B(2\/q_x)d$ = <_1>n+mIB+n,m<Q)Lx+m,n(Q>= (4.57)

Re(a+ 8+ 1) > 0,n,m— nejble HEOTPUIIATEIBHBIE YUCIIA.
16. Paccmorpum caeayIonnil HTErpast

o
7 :/ e x5 L (2) LE () Ju—p (2\/q2)dz =
4]

'im+a+1)
MNa—-pg+m—n+1n!

= (=1)"tm e_qq#LgL_m(q)@(—n —B,a—pB+m—n+1;q), (4.58)

Re(a+1)>0.

Kax u B npeapiayineM ciydae, BOCIomab3yeMcst mist LY () nepBoiM BbIpaskeHneM (4.5) W nIpouHTerpu-
pyeM B J1eBoii yacTu (4.58) 10 9acTsM, BOCIOML30BABIIUCH (hbopMy.ioii Jleitbuuna, (4.55) u BhIpaskeHreMm
[10], 1051;8.971.2

(5) 1@ = rriie) (4.59)

AJI BLIYHUCIIAEMOTO HHTerpaJja 1I0JyIuM

[e o]

1 & k _a— B+k k
= %Z( g2 /dwe Tt Jo— 3+k(2\/qx)L£+Tmn+k( ).
" k=0

Jas monuHoma Jlareppa IO WHTErPAJIOM CHOBA BOCIOJIL3YyeMCS TEPBO# 9acTbio dhopMmynsl (4.5) u
CHOBA, IIPOUHTEIPUPYEM [0 YACTAM, IOJAb3ysch (4.55)

m k o0

- n+m s ) —z n+,87“_ﬁ‘;m—"{] )

= kZ n—m+k )(m k:)!k!/e v a=pm-n(2V/q7)-
0

VuurbiBas 3uadenve unrerpaia (4.47) u BTopyio 9acth Gopmysl (4.5), nonyuaum (4.58). Ecau B (4.58)
BOCIOJIB30BaThCA (4.1) 1 (4.39), To NOJYYUM /1JIsd LEJIOUUCACHHBIX HEOTPULLATELHBIX 17, 7

/IO‘er,m( )IBJrn n(@)Ja—p 2\/‘1_5‘7 ( )n+m[ ( )Ia+m,ﬁ+n(Q>vRe (a +1) > 0. (4.60)
0

17. Beraucaum cymmy

Z r 1n+LZ —I—)n = ¢ (w2) "% Ja(2V/72). (4.61)

IMoacrasnsas ciona soipaxkenue (4.5) nyia noaunomos Jlareppa, Haiizem

2" L& (1)
5= ZI‘1+a+n sz”m

n=0 m=0

2 ()™
Fl+n-mI1+a+m)I(1+m)

fln,m) =
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22 B.I. Barpos, I.®. Komnerros, B.B. Tusuer

Cornacuo (4.43) umeem

o m—l—n( T)m i ( Tz Py
ZZI‘l—{—n 1—|—m)F(1—|—a+m)_mz::0F1+a+mm‘ nl’

m=0n=0

VaurbiBas paznoxenune dbyuxiuu Beccenst B psij, Hemennenuo nonyuum (4.61), cupasegiusoe npu
BCEX KOMILUICKCHBIX T, 2, (.
Ecnu ncnonbzosars (4.39), TO NOAYIUM CyMMy

S el o it v (462)

+n)[(1+a+n)

COBepH_IeHHO aHaJIOTHYIHDbIEC BBIKJIQAKH IIPHUBOOAT K CYMMaM

Z EAAE) s (1) 1 2y/72). (4.63)

o 1+a—|—n)

a+nn($)(_z)n _ _Z_%Z_% xrz
Z\/F I1+n)l(1+a+n) ¢ fel2v72) o

18. Beraucaum cyMMy (5 He paBHO LEJIOMY OTPHIATEALHOMY YUCIY )

Q= ZF1+B+H)L (x)zn:wu—z)*l*%(lw,ua;z“ )=

l+a+n) " 'l + «) -1
_ra+p -8 %z
—F(1+a)(1—z) =8¢ ®la— 6,1+ a; T ) |z] < 1. (4.65)

IMoacrasnss ciona Bropoe pasencrso (4.5), Hafinem

B N _ L1+ B8+ n)z"(—x)™
Q= Z Z f(n,m), f(n,m) = C(1+n—m)D(1+ a+m)m!

n=0 m=0

Cornacuo (4.43) umeem

0= i (—zz) ZT(14 B4+ m+n)2"
mGI‘1+a+mm!n:0 n!
Ecnu y9ecTh N3BECTHYIO CyMMY
B 1 <T(p+n)
(1—z)P= ) > ", (4.66)
n=0
TO JITA () Hakgem
o0} m
0= 152 r(l+38+m) Tz
N T(l+a+m)m!\z-1/

C yucroMm (4.2) orcrooma nemennenno cacaycer (4.65). Ecnu snecs Bocnonbsosarbes (4.39) u yucern
(4.1), To noxyaum

I'l+8+n) o
Z \/F 1+n)(1+a+n) Tpinn(x)z" =
= VT + BT+ B —a)z 31— 2)8 P lem 0 5 5 (fZ) | .

|z| <1, 8 He paBHO UCJIOMY OTPUIATCIALIIOMY YHCILY.
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Ipu o = 3 sierko u3 (4.65) u (4.67) naiitu

ZLa (1—2)"'"%exp (%) .zl < 1,

I'(l1+n)

(1 a 1
Z tatn) ————larna(2)2" =22 (1~ Z)_l_aexp <M> el <1,

2(z—1)

U3 (4.68), (4.69) no teopeme Kommu, nonyvacm npeacrasiienus (n  1e10€ HEOTPUIATEIHHOE)

0<p<l.

Lo 1 ea:p( ) dw
n(x) = omi }{ (1— W)1+aWn+1

|[W=p

W+1
o 7{ exp T 1)2)dW 0<p<1
Locinn 1 + a+n) 2m Wiltoyntt’ P )

|W|=p

19. Beraucnum cCyMmy
P =Y L3 "(2)2" = (14 2)%exp(—a2), |2| < L.

Hcnonbsysa Bropoe paserctso (4.5) u (4.43), noaydum

YVYuThBasg U3BECTHYIO CYMMY
oC
> (a2 = (1+2)% [2] < 1,
n=0

HeMeUIeHHO nostydacM (4.72), 9To 9KBUBAJIEHTHO CJICAYIONICMY BbIPAKEHUIO

oL RV O ,
§j = S e ) o < bl

20. JIn1a maabHERIINX BblYUCJIEHUA HAM 1IOH3A00UTCs CIeAVIOMNA HHTErPaJl

oC

_/ a8 ] (2/ZD) Ja(2v/gD)dp = ~e~ 1 (W_> Rea > 0.

23

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

Broraucienne unrerpasia J MoxXeT OBITH MPOBEICHO, HAIPUMED, CIEAYIONUM obpazom. Iloacrapnss B

NOAMHTErPAJbHOE BhIPAXKEHUE pasiokenue Jq(2,/Tp) B pam, NOLyIuM

+ a+n)n!

- i —L)rgetn e~ PP 3 ], (24/5p)d
T(1 p a ypjap
n=0 0

W3 sroporo pasencrsa (4.47) u (4.1) gna J waiinem

_1oyE s D (8) Fonn (2)
J‘&(E) € a;r(1+n)r(1+a+n)'
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24 B.I. Barpos, I.®. Komnerros, B.B. Tusuer

Yaureas (4.64), noxyanm (4.75).
21. Beraucants CyMMy

Z €z y Z-[a+nn oHrn,n(y)Zn =

n=0
-3 1 2./
=2 () (Y L (22 1 < L Rea > —1. (4.76)
1—2 z—1 2 1—=2

Ucnonwzyem mist Iy (%) uHTErpambuoe npencrasnenue (4.48) u s cymmsr (4.76) Hadizem

% Pp% g a+nn(y)(pz) _
Aalzi20) /dpe P 2\/_2\/1“14-11 Tl+a+n)

o
= *%/e (A=2)p g, (24/zp)J (2 /yzD)
0

3aechk MBI Boconb3osaancsk (4.62). Ecmu Teneps y4cern (4.75), To noxyanm (4.76).
N3 (4.76) 3aMeHOl 2 — —z HECJIOKHO NOJYIUTD

Z x y Z IaJrn n a+n n(y)(_z)n =

_ f_%zewp Kz_ 1) (x;yﬂ T (2W> 2| < 1,Rea > —1. (4.77)

z+1 1+ 2

22. Oyukuus A, (z;,y), BBeeHHad B (4.76), 06i1a/1a€1 BaXKHBIM CBORCTBOM

lim A.(z;z,y) =06z —y), >0,y >0. (4.78)

z—1-0

ITpoBepka 3TOro CBONCTBA OCYIIECTBAETCH CIEAYIONHM 06pasoM. Hcrnonb3ys acHMITOTHYIECKOE BbIPa-
kenue st 1, (2) npu 6OAbIIKMX 3HAYEHUAX apIyMEHTa €, ML nostyuuM npu |[1—z| <€ 1,2 >0,y >0

expl(v/z — vi)* (% -

‘Z>], (4.79)
2,/7(1 — 2)/zy

Az m,y) =

TO €CTh UMEEM

. . oo, z=y >0,
i 4 (Z’”“"’y)_{ O.2%y, x>0,y >0. (4.80)

o . — [a7
C nmpyrofi CTOPOHBI JIEKO HaliTH, HCHOAL3Y: (4.46) npu m = —§

T 2:7% [ 2z2 \? I'(1+a/2) (z+ Dz 2zz
Ay Ydy = i1+ -,1 .

/ (2, 9)dy = T, (1—z2> I(1+a) emp[2(z—1) +2 TeT g

0

VauTbiBas aCHMITOTUKY BBIPOXKICHHON runepreomerpudeckoil Gpyukuuu (4.25), Mo npu z — 1 — 0
orciona Hajinem st x > 0

oc oC
[t =1 =, [ R 0= [
0 —q

Ro(z;m,y) = 24/2(1 — 2)Anlz; 2, 2y+/2(1 — 2) + 4, (4.81)

lim Ry (z;z,y)dy = 77_1/2655'17(—?42)-
z—1—-0
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OueBuuno, 4TO A5 NPOU3BOIbHON DyHKIUKU f (%) BHIIOIHAETCA PABEHCTBO
/f zmydy—/fx+2y\/ 1—2)]Ra(z;2,y)d (4.82)

IMpu z = 1 — 0 ¢ yucrom (4.81) nosny«um

Zgrlno/f (z32,y)dy = f(z) lim [ Ra(z2,y)dy = f(2)-
—q
Tem cambiM, q0Ka3aHO, ¥TO Tipu 2 — 1 — 0
> Loinn(@Iainny) =6z —y), 2>0,y>0,Rea > —1, (4.83)

YTO ONPERENSeT TIOJHOTY CUCTeMBI GyHKIM [y yy ,(x) Ha uHTepBane 0 < x < oc npu Re o > — 1,
B Kiacce byukumit f(x), mua KoTopbix

/f TIninn(z)dz < oo, (4.84)
[0}
pu 3TOM
o
=Y Culognn(x), >0, (4.85)
n=0

ecJ psiji cipaBa cxouuted U f(x) onpejesnena U HEIPEPLIBHA B TOUKE .
23. BerauciuM MHTErpaJt

o<

= /67‘”’[&(2\/ by)Ia+n,n(y)dy =
4]

2 [2a—1\""% 4ab Ab
T 2a+1 <2a+ 1) «op (4a2 - 1) Tatnn (m) = (4.86)

Re(2a—1) >0, Rear > —1.

Ucnonbsysa mua byakuun Jlareppa pasnoxenne (4.24), ajid § noayduM

, =Tl +a+n+k) koo, e
= +n)l+a+n) 2,62 AtathH (-1 /e Wy 2 I, (24/by)dy
0
2q =2a—1.

WuTerpas no y BeIYMCIAETCA coryacHo (4.46) u npu uenanix k durypupyomasd B (4.46) BLIpOXK IeHHAS
IUIePreOMeTpUIecKast (byHKIMA BBIPAZKAETCA I€PE3 MOJIMHOM Jlareppa corsacHo (4.5), 970 MpuBOINT
K CJICIAYIOIICMY BBIPAsKCHUIO I j

[ee]

b2 exp(t k
i = p(y) ZF1+a+n+k) (_1) %<_§>. (4.87)
\/1"(1+n)I‘(1+a+n o 7~ L1+ a+k)

q q
IMonaraa B (4.65) z = —%, r= —2, B = a + n nonyunm
n+ 35 67# |i b :I%
b3 g q q —
- 1 ( q )  ftza I'(l+a+n) q(1+q) B(—n, 1+ o ).
1 1+g¢ r'(1+n) r(l+a) b(1+gq)
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IMoacrapnas 3/eCh ABHBIA BUI ¢ U UCHOab3ys (4.1) npuxomum K (4.86). ®opmansro panx (4.87) cxo-
JUTCS Ui npu |g| > 1, 9To coorsercTByer Rea > 3/2, onaako B (4.86) uHTerpasn ciesa CyliecTByeT
npu Rea > 1/2 nyis mioObIX KOMIUIEKCHBIX 1 (/11 KOTOPBIX QYHKIUS Io 1y (%) OIpenenena), Touka
a = 3/2+ iy (v — IPOU3BOJABLHO U BENIECTBEHHO) JJIA NPABON YacTH He sABJseTcst 0coboil u npasad
YaCTh JOIYCKACT MPOJOJIKCHHAE B YKAZAIIIYIO 00J1aCTh.

Ecnu n me10e HeOTPUIATEILHOE, TO HHTETPAJ CJICBa CYIICCTBYCT B 00acTi Rea > —1/2, mpm
3TOM MPaBasi 94CTh MOXKET ObITh MPOJOJIKEHA B 9Ty 00macTh. B wactHocTH, mpu a = 1/2 npenebabiM
nepexoioM ¢ yueroM (4.27) nosydum

(—1)nez™t3

VI(1+a+n)I(l+n)

[ e @y Lt i)y = (4.88)

Rea > —1,n — 11e/10e HEOTPUIATENBHOE YHCIIO.
24. COBepITIeHHO AHAJIOTUYHBIM CIIOCOOOM BBIMUCISAETCS WHTETPAJT

o<

/ €7ayJa (2\/@)Ia+n,n (?J)dy =

0

4b |
402 -1

= 26
I‘(1+Oz+n)b2e$p(1iga>< 2 >1+0‘<2a—1

n
o(1 1+ a
T(1+n) T(l+a) \2a+1 2a+1> (I+adnl+a

2 2b
F(1+a+n)bzemp<—1+2a>< 2 )1+a<2a—1

I'(1+n) I'l+ «) 2a+1 20 +1

. 2 1-2a\""% dab 4b
_ imn — ). 4.
S <1+2a> exp<1—4a2>l‘“”’" (1—4a2> (4.89)

Re(2a—1) >0, Rear > —1.

b
"1 —4a?

)"@(_n,lm ) =

W 3mech npu uesbix HeoTpuiaTesabubix n (4.89) cnpasennuso npu Rea > —1/2, Rea > —1, a npu
a = 1/2 npeebHBIM IEpeX0I0M Hal1eM

7 3 2 Lo ()b et (4.90)
€ 2Jy € atn,n = s .
/ Pt W = ATt at I 1 n)
Rea > —1,n— 1ejioe HEOTPULATEILHOE YHCIIO. o
25. Onpegennm JIMHeHbIE HHTerpalibHbIC ONepaTophl A 1 B cooTHOmEHnAMY
Af@) = [Aaz) f)dy, (4.91)
4]
oC
B(w) = [ Balzsa)i Wi (4.92)
4]

rae aapa 3Tux oneparopos Ay (z;x,y) u Bo(z; ¢, y) onpenesensl BropeiMu paserncrBaMu (4.76), (4.77)
npu Rea > —1, a orpaHnveHusa Ha, KOMILIEKCHBIM TApaMeTp 2z OTPEAESTIOTCS XapaKTepoM TTOBEICHUS
dbyukumu f(z) mpu x — oc. Mbl nosnaraem, 9ro f(z) obeceduBaeT cyliecTBOBaHue UHTErpaios (4.91),
(4.92).
JIerko yCTaHOBHTD, YTO
Aa(z;x7y) :Ba(—z;x,y). (493)
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IMonoxum B dopmye (4.86)

Torpna (4.86) ¢ y4dcrom (4.76) 3amuiercs B BUe

Aa(zi2, ) ainn(y)dy = 2" Lyinn(z), Rea > —1, (4.94)

0\8

a o6siacth Re a > 1/2 nepefiger B o61acTsb
|2z — 1] < 1, (4.95)
KOTODasi SBJIAETCA BHYTPEHHOCTBIO KPYTa €IHHIYHOLO IMAMeTPa ¢ IIEHTPOM B TOUKE ¢ KOOPAHHATAMHE

2 =1/2, y = 0 Ha KOMILIEKCHO# 06J1acTH 2.
Awnayoruuno, nonoxum B (4.89)

a—l 1—=z b= Tz
C2\1+4+z2/)7 7T (142)%
z

ex -1\ z
1+2 p z+1) 2]

B sroMm cinydae (4.89) nepeiier B BbIpasKEHUE

u yMHOKUM 00¢ yactu (4.89) Ha

e

Bo(2%,9) Iatn,n(y)dy = (26™) Loy n,n (), (4.96)

Rea > —1, 22+1| < 1.

O6Gnacth |2z + 1| < 1 HA KOMIUIEKCHOH IJIOCKOCTH €CTh BHYTPEHHOCTH KPyTa eJUHHTHOIO JTHAMETDA
¢ IIEHTPOM B TOYKe ¢ KoopauHaramu © = —1/2, y = 0. Obmacru |2z — 1| < 1 u |22+ 1| < 1 ne
TIePeCceKaroTCs.
Ecnu xe n — 11e510e HEOTPULIATEIBHOE YHUCHO, TO I uHTerpaia (4.94) obiacTs CymecTBOBAHMS
OTIPEJIEIIAETCST YCIOBHEM
Rez <1, Rea> —1, (4.97)

a s uarerpana (4.96) yciaosuem
Rez> —1, Rea > —1, (4.98)

u, cenoBarenbio, obnacru (4.97) u (4.98) UMEIOT HEelyCcToe epecedeHune
—1<Rez<1, Rea>—1, (4.99)

Taxum o6pazom, GyHKIHA Jotn n(x) mpu Re a > —1 ectb cobcTBenHbIE DyHKINE OMpeaTopos (4.91),
(4.92) ¢ cobcTBEHHBIMU 3HaYeHUAME 2" 1 (—2)™ COOTBETCTBEHHO.

Ecmu mbr morpefyeM KBaJparTuaHON HUTCIPUPYCMOCTH Ioyn (%) Ha uHTEpBane (0,+00), TO
TOrIA N — NEJI0e HEOTPULIATETHLHOE U0, CYIIECTBYeT 00Ias s oneparopos (4.91) u (4.92) obnacts
(4.99), vae omHOBPEeMEHHO Iy 4y (%) ecTh cobcTBeHHAS DYHKIMS 00€MX ONEPATOPOB, a B KpyTe |z| < 1
ClpaBeIuBbI pazjioxkenus (4.76), (4.77), B COMIaCHY ¢ COOTBETCTBYIOIIUME TEODEMAMU JIJIs JIMHEHHBIX
UHTErPAJILHBIX OlEPATOPOB.
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26. BerauciiM MHTErpaJt

17 +1
=3 / ja — om0 s 1.0(2) + Lost m (@) pn(2)]ds = G, (4.100)
Q

Rea > (m+4n)/2—1,m,n— ueible Heorpuuareabibie yucia. Eciu m # n, 1o nonaras § = a—(m+n)/2
B dopmyne (4.45) u 3aMeHss B NOAMHTErDAJBLHOM BBLIDAYKEHUH (DYHKUUMU Jlareppa COMJIACHO ITOil
dopmyte, TOSYTAM

% - ;_ ! [Ia,m(l')IaJrl,n(Z') + IaJrl,m(l')Iay”(’r)] =
SRl )
k=0 s=0

+ (m;-n —1—3sm — s) (m;_n —kn — k) :|Iﬁ+k,k($)fﬁ+s,s(w),

1+ n)D(1+mI1+8+kIA+8+ 3)} 3
T(1+ KD+ s)

Ecnu yuccrn Toxaectso (4.8), TO MOXKHO JIETKO NOJIy9UTL COOTHOIIEHHUE

m+n m+n m+n m+n
—-1- — — — —-1- — — — =
( > kn k:) ( 5 sm S) +< > sm s) ( > kn k:)

:2(k_8) (m+n—1—kn—k> (m;n—l—sm—s>,

o

n—m 2

u mia J npu m # 1 NOayHuuM

- e () (o) [ttt

kOsO

YeqoBue oproronanbaoctu (4.38) npuBoaut K pesyaprary J = 0, m # n. llpu m = n umeem

7 1
J = /\/ o Inv1n(2)], n(2)dz, Rea >n —1.
0

TMonaras B (4.45) a =a+1—n, 8 =a — n, HailgeM B 3TOM CiIydae

B = F(l+n)I(1+a—n+k)
Ia+n,n($) = \/Ekz:;) (n —kn—k) \/ T+ M2 +a) Ia—n+k,k<m>:

YTO IPUBOJUT K CJICAYIONICMY BBIPAXKEHUIO

[e}

/Ian a n—}-k,k(x)dx-

0

Hl+n)I{l+a—n+k)
7= Z 1+ kT +a)

Ho u3 (4.38) umeem

o<

/Ia,n(x)-[afnJrk,k(w)d{L' = 6n,k;
0

4o B 3TOM cay4ac gact J = 1. Tem cambim dopmysna (4.100) nokasana.
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27. Beraucanm cyMMmy
S (@) = D It (@) It pn(2) = S(a).
k=0

[Iponuddpepernupyem 3Ty CyMMy IO &

S’ = Z[Illc+u,m(m)lk+ﬂ’n(m) + IkJrMam(w)Ille-&-u,n(I)]‘
k=0
U3 (4.13) orarem (4.11) u nomy<aum

2Vl (x) = vVnln_1m(x) — Vi + Upiq m(z).

Samenss B (4.102) npoussoaubie dbyHKUMA Jlareppa cornacho (4.103), nosydum
s s
2/ (2) =Y Qr— Y Qii1,
k=0 k=0

Qe = VE + plTerpy—1,m () Ity 0 (2) + Degepim () L= 1,0 ()]

Cunpurasi Bo BTOpOH cymme k — k — 1, naitnem

s+1

2/zS' (@)= Qr—> Qr=Qo+ Y Qr—Qs1— Y Qr=0Q0— Qsi1.
k=0 k=1

k=1 k=1

OKoHYATEILHO UMeeM

d qm,n Ly
%Su,é (z) = B E[Iu—l,m(x)lu,n(m') + Ly (2) L1 ()]~

1 [s+pu+1
5\ T[Is+u,m($)fs+u+1,n($) + Lsqprtm(2) Loy n ()]

Yaurssas (4.32), BUANM, 9TO UMEET CMBICH
oC
R;T’n(m) = Z Tt pm () It (),
k=0

npudeM u3 (4.104) npu s — oc Haiigem

d pmon 1 [y
%Ru’ (z) = 5 E[Iﬂfl,m(mﬂu,n(m) + Ly (#) L p—1,0.(2)].-

Hast S;P () merko mosy T
S (@) = RV () — RV (2).

Ecmu Re (2p4 —m —n) > 0, To nmerko suzers, uto [7°"(0) = 0 u umeem

B77(w) = 5 [ Bt D) + L) s )l

Re (21 —m —n) > 0.

29

(4.101)

(4.102)

(4.103)

(4.104)

(4.105)

(4.106)

(4.107)

(4.108)
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Ecnu m,n — nesble HeoTpUIATEbLHBIE YUCHa, TO OT orpanudenus Re (2p —m — n) > 0 MOXHO OCBO-
GoauThbes caenyomuM obpasoM. 13 (4.107) umeem

R (2) + S () = R (). (4.109)
Ho niist mobeIx p, m, n BCETJA CYMIECTBYET TAKOE NETIOE 8, YTO
Re(2u+2s+2—m—n) >0, (4.110)

U JIA TAKUX § COpaBeiiueo, B cuiy (4.08)

x
1 fu+s+1
RT—LZ-&-l(“’) = 5/ T[Iu+s,m(y)lu+s+1,n(y) - Iu+S+1,m(y)Iu+s,n(y)]d?/- (4.111)
0

Ydarem, 94TO NpH HEJIBIX HEOTPUIATENLHBIX 1711, KoHeuHas cymma (4.101) obuagaer colicrom

lim S (x) = 0. (4.112)

T—>00

B sroMm cinyvae u3z (4.104) nosydum

o
1 p+s+1
St (x) = 3 / \/ T[st,m(y)fwsﬂ,n(y) + Lyst1,m (Y) Luts,n (y) | dy —

=5 [ ot 00+ e e e (1113)

Moncrasnas (4.111) u (4.113) B (4.109) u yuuruas uaTerpan (4.100), OKOHYATENBHO JJIA LEIBIX
HEOTPHIATEBHBIX 11, N HallleM npy JIOObIX [

o
1 7
R0 = b =5 [\ Bl @ n )+ @ nllye (4119
Coornomenve (4.106) nMeeT MecTo Tpu JIO0BIX APAMETDPAX (4, 7%, N U [O3TOMY U3 HETO CJELyeT

R/Tn@) = RL"’"(a) - %/\/%[Iul,m(y)lu,n(y) + Ly (W) =1, (y)]dy. (4.115)

rJe a — IPOU3BOJIBHOE HEOTPUIATE]BHOE YHCI0. B obIneM CIydae HesiCHO, KAK BBLIEIUTH KaKHe-TO
XapaKTepHbIEC TOUKA @, A/ KOTOPBIX MOXKHO ObIITO ObI HARTH RZL’”(a) B siBHOM Buje. Ecnu, HampumMep,
m — i, N — U~ UeJble YUCIA, TO eCTh M = i+ p, n = u + ¢, p, ¢-Lejble, TO, B cuily cpoiicrsa (4.22)
“MeeM

Tt pptn(0) = O

k, p— Lesble M B 9TOM CJIy4ac 1pu JIOOBIX p umeeM BMecTo (4.108)

RL""(;U) =0m,n + % / \/%Uu—l,m(y)lu,n(y) + Ly (W) =1, (y)]dy. (4.116)

Ecmu ¢ = 0 u m— neoe HeOTPUIATEILHOE YUCIO, TO, yuuTbiBad (4.19), nomydum

marsinnm [ T(1+4n) e
27 (1 +m)

Ry = (-1
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YTO INPUBOAUT K BBIDAZKEHUIO

mong N m SN T(1+n) s
RO (JJ)—(—].) ﬂ'(n—m) F(l—l—m)x s

m  TeJI0e HeOTPHUIIATETbHOE.
Huaxowern, ecam n— 1ejoe HEOTPUTIATEIHHOE, TO, YIUTHIBAS PABEHCTBO

sinnw

(=n™

n—my om

OKOHYATEIbHO /1A TEeTBIX HEOTPHUIATENBHELIX M, N Halkaem
m,n _
Ry () = bm,n-

28. PaccMOTpuM TIpU LEJBIX HEOTPHUIATEIBHBIX 1M, 1 CyMMY

Fo™(zx,y) = kan Mrm( )k

U3 (4.72) naxonum

1 4 T(l+a) » s

Ly (z) = EdT—”(l +7)% " r=0 =

C yyerom storo jys (4.119) nosydum

FUTzm,y) =

Pl =10,
T

i T ZA/ T k
(I):Z [(1+ )(1+t) \/_y] e_wT_yt:emp[(l—l—T)(l-{—t)Z\/Z‘_y—lL’T—It]-

k!
k=0

Jlerko BUETH, YTO

ddn‘mr o0 =[(1+1t)z/zy — z]"€ —(y—z/TY)t+2/TY

u st (4.119) umeem

y %exp(zy/my — HL) 47
VI +n)T(1+m) dt™

FUTzm,y) =

ITosnoxum 30ech
:MT,i: z\/_ d t=0—71=0,
/Y dt 2y — 2y — T dr’
u npuseneM F™V™(z;x,y) K suay
"2/ = VE) " eap(z /Ty — FE) d™
VI +n)T(1+m) dr

o= SEZDAD (),

CHoBa Bocnosb30BaBImCch (4.120), OKOHYATENBHO HOTY UM

z
FUTzm,y) =

Fro™(ziz,y) = ZIkn Mim(y)2* =

el CVIRVER S SV K L P

(147,

31

(4.117)

(4.118)

(4.119)

(4.120)
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=M <%>T exp[@ (z— %)}In,m {x+y—\/@<z+ %)} , (4.121)

N, M [eJble HEOTPUIlATE/IbHBIE Ynciaa. B dacTtHoM ciaydac z = 1 umeem

D L@ Ikm ) = Inml(VE — V). (4.122)
k=0

Orcrona npu « = y cHoBa npuxoauM K (4.118).
29. Beraucaum cymMmmy

GIM@) = 3 T (@) T (@), (4.123)
k=0

3aech, B oryinaue ot (4.101), B of1ueM ciiyuae Ipejesa § — o0 IIC CYIICCTBYCT B CHITY ACHMITOTHYICCKUX
dopmya (4.33). Eciu m = pu+p, n = p+ g, p, ¢ — nenble 4yucia, to corsacHo (4.22) umeem

G () = (~1)™SE @), (4.124)

o

W B 3TOM CJIy4ae Ipefen § — OC CyIecTByeT. Takoil Ipefell CYIIECTBYeT TAKXKe U B TOM CIyYae,
€CJIM TOJIBKO OJIHO W3 4ucesl, HAIpUMED 1 = [ + p, p— LeJIoe, a n — (i HE PABHO 1IEJIOMY YHCJILY, HO
BBINOJIHAETCA HEPABEHCTBO

n—m>0 (4.125)

Ecnu u3 (4.12) Boidects (4.14), To nosydum
2z, () = VI F U1 (2) = Vil 1 (). (4.126)

HeficTBysl aHAJIOTUYIHO NPEABIIYITIEMY MTYHKTY, TOMTYIUM COOTHOIIEHHE

d 1 jp+s+1
%G/T’sn(x) =3 T{Im,u—ksw)]n,uvl-s—#l(z') + It s+1 (@) I s (7)) —
L [p
) E[Im,ufl(mﬂn,u(m) + I (@) I -1 (2)]- (4.127)

Orcrona GZLS”(:U) BOCCTAHABJ/IUBAETCS KBaAparypol. B wactnocru, mpu neaom m u u = 0 ¢ ydeTom
(4.20) mosyuaem Ggo(z) = 0, m-uenoe, n > m, T0o €CTh

Z Iy e (@) In () =0, (4.128)
k=0

n > m, m-1esoe.
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The relativistic electron in a uniform magnetic field and the
Aharonov-Bohm effect
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The wave functions of relativistic charged particle moving through a region of uniform magnetic field
and afield of the parallel tiny small solenoid with of afinite magnetic flux details studying.
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